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FLOER HOMOLOGY IN THE COTANGENT BUNDLE OF A CLOSED FINSLER
MANIFOLD AND NONCONTRACTIBLE PERIODIC ORBITS
WENMIN GONG AND JINXIN XUE
ABSTRACT. We show the the existence of noncontractible periodic orbits for every compactly
supported time-dependent Hamiltonian on the open unit disk cotangent bundle of a Finsler mani-
fold provided that the Hamiltonian is sufficiently large over the zero section. This result solves a
conjecture of Irie [19] and generalizes the previous results [8, 40, 42] etc.
We then obtain a number of applications including: (1) preservation of Finsler lengths of closed
geodesics by symplectomorphisms, (2) existence of periodic orbits for Hamiltonian systems sepa-
rating two Lagrangian submanifolds, (3) existence of periodic orbits for Hamiltonians on noncom-
pact domains, (4) existence of periodic orbits for Lorentzian Hamiltonian in higher dimensional
case, (5) partial solution to a conjecture of Kawasaki in [22], (6) results on squeezing/nonsqueezing
theorem on torus cotangent bundles.
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1. INTRODUCTION
The main theme of this article is the existence of noncontractible periodic orbits for compactly
supported time-dependent Hamiltonian systems on the unit disk cotangent bundle of a closed
Finsler manifold M . Closely related earlier results on finding noncontractible Hamiltonian peri-
odic orbits on cotangent bundles go back to the papers by Gatien and Lalonde [16] and by Biran,
Polterovich and Salamon [8] etc. Weber [40] extended the result in [8], relaxing the condition
that M is either the Euclidean torus Tn or of negative sectional curvature, to the case that M is
just a closed connected Riemannian manifold. Applications of the results include the existence of
periodic orbits for certain magnetic Hamiltonian systems on cotangent bundles [18, 33].
On the other hand, there are some other results [42, 22] on the existence of periodic orbits on
cotangent bundle which does not fit into the general Riemannian framework of [40]. In particular,
these results have important applications including the existence of noncontractible periodic orbits
for Hamiltonian Lorentzian systems, etc.
The main result in this paper is a generalization of [40] to the Finsler setting, which provides a
unified framework hence enables us to recover many results in the literature including [8, 40, 42]
etc. Such a Finslerian generalization is by no means obvious. There are many Riemannian results
that do not admit a Finslerian version, for instance, Katok’s example [21] of a Finsler metric with
only two closed geodesics for S2.
Our result allows us to find periodic orbits for Hamiltonian systems supported in fiberwise
convex domains on the cotangent bundle (Theorem 1.1) and compute the BPS capacity on such
domains (Theorem 1.4). The setting is so flexible that it leads to a number of applications. These
include:
(1) preservation of minimal Finsler lengths of closed geodesics by symplectomorphisms (Corol-
lary 1.5),
(2) existence of periodic orbits for Hamiltonian systems separating two Lagrangian submani-
folds (Theorem 1.7),
(3) existence of periodic orbits for Hamiltonians on noncompact domains (Theorem 1.8),
(4) existence of periodic orbits for Lorentzian Hamiltonian in higher dimensional case (The-
orem 1.9),
(5) partial solution to a conjecture of Kawasaki in [22] (Theorem 1.11),
(6) results on squeezing/nonsqueezing theorem on torus cotangent bundles (Theorem 1.12,
1.13, 1.14).
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We expect that the list is not exhaustive and there are a lot more applications to come. More-
over, we expect that the method of this paper may have broader interests in further studying ge-
ometry, topology and dynamics on Finsler manifold using Floer theory.
To state our result, let us first give a brief introduction to the Finsler geometry. For more
comprehensive materials on Finsler geometry, we refer to the books [30, 36].
1.1. Finsler geometry. Let M be a smooth manifold of dimension n. A Finsler metric on M is
a continuous function F : TM → [0,∞) satisfying the following properties:
(i) F is C∞ on TM \M × {0}.
(ii) F (x, λv) = λF (x, v) for every λ > 0 and (x, v) ∈ TM .
(iii) For any (x, y) ∈ TM \ {0}, the symmetric bilinear form
gF (x, y) : TxM × TxM → R, (u, v)→ 1
2
∂2
∂s∂t
F 2(x, y + su+ tv)
∣∣∣∣
s=t=0
is positive definite.
A smooth manifold M endowed with a Finsler metric F is called a Finsler manifold. Let γ :
(a, b)→M be a smooth curve. We define the F -length of γ as
lenF (γ) =
∫ b
a
F (γ(t), γ˙(t))dt.
Define the co-Finsler metric F ∗ on the cotangent bundle T ∗M as
F ∗(x, ·) : T ∗xM → R, F ∗(x, p) := max
F (x,v)≤1
〈p, v〉, ∀ x ∈M.
Denote by DFT ∗M the unit open disk cotangent bundle, and SFT ∗M denotes its boundary:
DFT ∗M :=
{
(x, p) ∈ T ∗M ∣∣ F ∗(x, p) < 1}
SFT ∗M :=
{
(x, p) ∈ T ∗M ∣∣ F ∗(x, p) = 1}
It is obvious from (iii) that for every x ∈M , the disk cotangent fiber
(DFT ∗M)x :=
{
p ∈ T ∗xM
∣∣ F ∗(x, p) < 1}
is a strictly convex set. Note that, on all TM , L0 := F 2 is of class C1,1, and is of class C2 if
and only if F is the square of the norm of a Riemannian metric (cf. [29]). In the latter case, every
(DFT ∗M)x is an ellipsoid in TxT ∗M .
Conversely, given a fiberwise strictly convex domain U ⊂ T ∗M with smooth boundary and
containing M in its interior, a Finsler metric F can be associated to it to realize U as the unit disc
cotangent bundle as follows
F (x, v) := sup
p∈T ∗xU
〈p, v〉, ∀ v ∈ TM.
1.2. Main result. Let (M,F ) be a closed connected Finsler manifold, and let pi : T ∗M → M
denote the natural projection. Define λ0 ∈ Ω1(T ∗M) as
λ0(ξ) := 〈p, dpi(ξ)〉 ∀ x ∈M, p ∈ T ∗xM, ξ ∈ T(x,p)T ∗M.
The cotangent bundle T ∗M admits a canonical symplectic form ω0 := dλ0. For any H ∈
C∞(S1 × T ∗M), denote Ht := H(t, ·), the time-dependent Hamiltonian vector field XHt is
defined as ω0(XHt , ·) = −dHt. Set S1 := R/Z. Let [S1,M ] denote the set of homotopy classes
of free loops on M . Since M is compact, for any non-trivial homotopy class α ∈ [S1,M ], we
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have
lFα := inf
{
lenF (γ)
∣∣ γ ∈ C∞(S1,M), [γ] = α} > 0. (1.1)
The set of Finslerian lengths of all periodic Finslerian geodesics in a Finsler manifold (M,F )
representing α is said to be the marked length spectrum Λα of the Finsler manifold. It is closed
and nowhere dense by Lemma 3.2, and hence
lFα = inf Λα ∈ Λα.
The main result of this paper is the following. It was conjectured by Kei Irie [19].
Theorem 1.1. Let (M,F ) be a closed connected smooth Finsler manifold. Let α ∈ [S1,M ] be a
nontrivial free homotopy class. Then, for anyH ∈ C∞(S1×T ∗M) which is compactly supported
in DFT ∗M and satisfies
H(t, x, 0) ≥ lFα ∀ t ∈ S1, ∀ x ∈M
there exists z : S1 → T ∗M with z˙(t) = XH(t, z(t)) and [z] = −α.
Remark 1.2. When (M, g) is a Riemannian manifold, Theorem 1.1 was proved by Weber (Theo-
rem A in [40]).
Our proof of the main theorem is based on the isomorphism between Floer homology and
singular homology of the free loop space. Such an isomorphism was firstly shown by Viterbo [39]
using the generating function method. After that Salamon and Weber [32] and Abbondandolo and
Schwarz [3, 4] gave different constructions of this kind of isomorphisms. Instead of using the main
result in [32] which is the key ingredient in the proof of [40], we apply the Abbondandolo-Schwarz
isomorphism to compute BPS capacities (see Section 7). This is because in the Finsler case we can
not rewrite naturally the Floer equation as a heat flow equation and estimate as in [40], while for a
Finsler manifold (M,F ) the Hamiltonian HF ∗ = F ∗2/2 is naturally uniformly convex and grows
quadratically in the fibers. Although the non-smoothness of HF ∗ on all T ∗M in general may
cause the obstruction to utilize the Abbondandolo-Schwarz isomorphism, the perturbing method
used in [25] can help us to overcome this problem.
The main technical result that we obtain in this paper is the following generalization of the
results of [40, Theorem 2.9] to the Finsler setting.
Theorem 1.3 (Floer homology of convex radial Hamiltonians). Let (M,F ) be a closed connected
smooth Finsler manifold, and let α ∈ [S1,M ]. Let f : [0,∞)→ R be a smooth function such that
f ′ ≥ 0, f ′′ ≥ 0, and f = f(0) on [0, f ) for some constant f > 0. Assume that λ ∈ (0,∞) \ Λα
and f ′(r) = λ for some r > f . Let cf,λ := rf ′(r)− f(r). Then it holds the following
(i) There exists a natural isomorphism
Ψλf : HF
(−∞,cf,λ)∗ (f ◦ F ∗;α) −→ H∗(Λλ2/2α M)
where Λλ
2/2
α M := {x ∈ C∞(S1,M)|
∫
S1 F
2(x(t), x˙(t))dt < λ2, [x] = α}.
(ii) If µ ∈ (0, λ] \ Λα is another slope of f , then the following diagram commutes:
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HF
(−∞,cf,µ)∗ (f ◦ F ∗;α) [i
F ]−−−−→ HF(−∞,cf,λ)∗ (f ◦ F ∗;α)
Ψµf
y∼= ∼=yΨλf
H∗(Λ
µ2/2
α M)
[I]−−−−→ H∗(Λλ
2/2
α M)
(1.2)
(iii) Let g be another such function, then there exists an isomorphism Ψλgf such that the following
diagram commutes:
HF
(−∞,cf,λ)∗ (f ◦ F ∗;α)
Ψλgf
∼=
//
∼=
Ψλf ))
HF
(−∞,cg,λ)∗ (g ◦ F ∗;α)
∼=
Ψλgvv
H∗(Λ
λ2/2
α M)
(1.3)
The proof of the above theorem is based on the Abbondandolo-Schwarz isomorphism, which
is given in Section 6.
Following [8], we define the BPS capacity. For c > 0, an open set W ⊂ T ∗M and a compact
set A ⊂W , denote
Kc(W,A) := {H ∈ C∞0 (S1 ×W )
∣∣ sup
S1×A
H ≤ −c}.
Define the BPS capacity for the pair (W,A) and a nontrivial free homotopy class α
CBPS(W,A;α) := inf
{
c > 0
∣∣ ∀ H ∈ Kc(W,A),Pα(H) 6= ∅}.
Our main theorem computes the BPS capacity for fiberwise convex sets, see also Theorem 7.3.
Theorem 1.4. Let M be a closed connected manifold. Let U be a fiberwise strictly convex and
compact sets on T ∗M with smooth boundary and containing M in its interior, and let F be the
associated Finsler metric to U . Then for all nontrivial free homotopy class α, we have
CBPS(U,M ;α) = l
F
α .
We remark that when U is noncompact, for properly chosen α, the capacity may also be
estimated as in the proof of Theorem 1.8.
Our next result shows that a symplectomorphism in the identity component Symp0(T
∗M)
of the symplectomorphic group Symp(T ∗M) does not change the minimal length of the Finsler
closed geodesic though the Finsler metric is deformed.
Theorem 1.5. Let F1, F2 be two Finsler metrics on a closed connected manifoldM with nontrivial
free homotopy group. If ψ ∈ Symp0(T ∗M) is a symplectomorphsim from DF1T ∗M to DF2T ∗M
such that ψ(M × {0}) is the graph of an exact one-form on M , then for every non-trivial α ∈
[S1,M ], we have lF1α = l
F2
α .
In the proof of Theorem 1.5, the assumption that ψ(M × {0}) is a graph of an exact one-form
onM is technical. It is likely that this assumption can be dropped. After this paper finished, Zhang
told us that whenever ψ is a Hamiltonian symplectomorphism then the assertion in Theorem 1.5
can also be proved by combining Theorem 7.4 with the tool of persistent homology as developed
in [38]. Inspired by the result of Theorem 1.5, it is interesting to ask the following question:
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Problem 1: Let ψ ∈ Symp0(T ∗M) be a symplectomorphsim between the unit co-disc bundles
of two Finsler metrics F1 and F2 on a closed connected manifoldM with nontrivial free homotopy
group. Is it true that the manifolds (M,F1) and (M,F2) are isometric?
Here we remark that if F1, F2 are any two flat Finsler metrics on M = Tn, a positive answer
of the above question is implied by a rigidity theorem of Benci and Sikorav [37].
The paper is organized as follows.
In Subsection 1.3, we give a number of applications of our main result. In Section 2, we
introduce Floer theory for the Liouville domain. In Section 3, we introduce radial Hamiltonian
systems associated to a Finsler metric and compute its action of periodic orbits. In Section 4, we
introduce filtered Floer homology group and study its properties such as homotopical invariance,
direct and inverse limits, etc following [8]. In Section 5, we introduce Abbondandolo-Schwarz
isomorphism and adapt it to our Finsler setting by introduce a quadratic modifcation. In Section
6, we give the proof of Theorem 1.3. In Section 7, we compute the BPS capacities. In Section 8,
we prove Theorem 1.1 and its applications in Section 1.3. In Section 9, we prove the proof of all
the main technical results.
1.3. Applications. In this section, we give a number of applications of our main result.
1.3.1. Recover known results. By taking an appropriate Finsler (non-Riemannian) metric on Tn,
Theorem 1.1 recovers the following result in [42]. Its proof (see Section 8.2), assuming Theorem
1.1, is due to Irie [19].
Theorem 1.6 ([42, Theorem 2]). Let C be a closed cone in Rn, and C∗ denotes its dual cone, that
is,
C∗ = {v · w ≥ 0 (∀ v ∈ C)}.
Let 0 6= α ∈ [S1, T ∗Tn] ∼= Zn ⊆ Rn. Suppose that p∗ belongs to the interior of the cone C∗
(denoted by int C∗), and that c > 0 satisfies
〈p∗, α〉 ≤ c, ∀ α ∈ C.
Then, for any H ∈ C∞0 (S1 × T ∗Tn) which is supported in S1 × Tn × int C∗ and satisfies
H(t, x, p∗) ≥ c ∀ t ∈ S1, ∀ x ∈ Tn,
there exists z : S1 → T ∗Tn with z˙(t) = XH(t, z(t)) and [z] = α.
1.3.2. Periodic orbits for Hamiltonians separating two Lagrangian submanifolds. The problem
of existence of periodic orbits for Hamiltonian systems separating two Lagrangian submanifolds
were studied in [16, 24, 42], etc. As an application of our main theorem, we have the following
result.
Theorem 1.7. Let M be a closed connected smooth manifold. Let σ be a smooth closed one-
form on M whose graph does not intersect the zero section. Suppose there exists a compact set
U ⊂ T ∗M with C∞-boundary, containing graphσ in its interior, not containing the zero section
and satisfies that U ∩T ∗xM is strictly convex for all x ∈M . Then for any nontrivial free homotopy
class α, there exists a number c(U,α) > 0 such that for any Hamiltonian H : S1 × T ∗M → R
compactly supported in U and satisfying mint,xH(t, x, σ(x)) ≥ c(U,α), there exists a 1-periodic
orbit with homotopy class −α.
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We introduce the symplectic map Φ : (x, p) 7→ (x, p − σ(x)). Then apply the main theorem
to the Hamiltonian H ◦ Φ−1 and the domain Φ(U). The constant c(U,α) equals to lFα where F is
the Finsler metric associated to the fiberwise convex set ΦU .
In case when σ is non closed, it represents a special class of magnetic Hamiltonian systems
in the following way. Given a manifold M , we endow its cotangent bundle with the twisted
symplectic form ωσ = ω0 + dpi∗σ, where ω0 is the standard symplectic form and σ is a C∞ non
closed 1-form. Given a Hamiltonian H : T ∗M → R, the Hamiltonian flow determined by the
twisted symplectic form is the same as the Hamiltonian flow of the Hamiltonian H(x, p− σ(x)) :
T ∗M → R with the standard symplectic form. Existences of periodic orbits for this kind of
magnetic systems are studied in [15].
Theorem 1.7 partially generalizes [42, Theorem 2]. However, there is a special feature in
Theorem 2 of [42] which is not generalized by Theorem 1.7. Indeed, the domain C∗ in Theorem
1.6 is noncompact while the BPS capacity 〈α, p∗〉 is bounded. To recover this feature, we have the
following result, which is inspired by Irie [19].
Theorem 1.8. Let M be a closed connected C∞-manifold. Let K0 ⊂ K1 ⊂ . . . be a sequence
of compact fiberwise strictly convex sets with C∞-boundaries in T ∗M and F0, F1, . . . be the
associated Finsler metrics. Let α ∈ [S1,M ] be a nontrivial free homotopy class. Suppose that
{Ki}, {Fi} and α satisfy the following property:
(1) K0 contains a neighborhood of the zero section;
(2) There exists a compact setA ⊂ T ∗M such that the Legendre transform of the lift of length
minimizing closed Fi-geodesics in class α to TM lies in A for all i = 0, 1, . . .
Then there exists a constant c > 0 such that for any C∞-Hamiltonian H : S1 × T ∗M → R with
compact support in K = limKi, satisfying mint,xH(t, x, 0) ≥ c, there exists a 1-periodic orbit
representing −α.
1.3.3. Periodic orbits for higher dimensional Minkowskian systems. We next generalize Theorem
5 of [42] to higher dimensional cases.
Consider the Lorentzian Hamiltonian system H : (T ∗Tn, ω0)→ R, n ≥ 2, via
H(q, p) =
1
2
(p21 − (p22 + . . .+ p2n)) + V (q),
where V ∈ C∞(Tn,R). We normalize V such that maxV = 0.
We introduce the cone C∗ := {−p21 + p22 + . . .+ p2n < 0, p1 > 0} ⊂ Rn and its dual cone
C := {v ∈ Rn | 〈v, p〉 > 0, ∀ p ∈ C∗}.
Theorem 1.9. Let H and C be as above. Then for any homology class α ∈ C ∩H1(Tn,Z), there
exists a dense subset Sα ⊂ (0,∞) such that on each energy level in Sα, the Hamiltonian system
H admits a periodic orbit in the homology class α.
Remark 1.10. We consider here only Minkowski type kinetic energy with signature (1,−1, . . . ,−1).
The same result holds for the signature (−1, 1, . . . , 1) by setting H 7→ −H . The main reason is
that the cone C∗ is convex. For other signatures, we do not have this property.
1.3.4. A conjecture of Kawasaki. The following result partially confirms Conjecture 1.3 of [22].
Theorem 1.11. Given a homology class α = (α1, . . . , αn) ∈ H1(Tn,Z) \ {0}, for any Hamil-
tonian function H : S1 × T ∗Tn → R with support in Tn × (∏ni=1(−Ri, Ri)) and satisfying
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that
min
q,t
H(t, q, 0) ≥
n∑
i=1
Ri|αi|,
there exists a 1-periodic orbit in the homology class α.
1.3.5. Symplectic squeezing vs. nonsqueezing on T ∗Tn. Symplectic nonsqueezing problems on
T ∗Tn were studied by many authors, c.f. [37, 26] etc. In this section, we show that BPS capacity
provides obstructions for symplectic embeddings on T ∗Tn. We have the flexibility to choose the
fiber convex domain as well as the free homotopy type to compute the BPS capacity. We first state
two nonsqueezing type results explaining the way of applying BPS capacity to the nonsqueez-
ing problem. We do not claim the originality of the results since they can be also proved using
Sikarov’s rigidity theorem. After that, we show that the BPS capacity may be infinity simulta-
neously for all free homotopy classes in which case it does not provide any obstruction to the
embedding problem and squeezing can indeed occur.
Let ∆n(r) denote the interior of the n-dimensional simplex with the n+ 1 vertices (0, . . . , 0),
(r, 0, . . . , 0), . . . , (0, . . . , 0, r). Denote open subsets Bn, Zn ⊂ Rn and P 2n, Y 2n ⊂ (T ∗Tn, ω0):
Bn(r) : = {(x1, . . . , xn) ∈ Rn | x21 + x22 + . . .+ x2n ≤ r},
Zn(r) : = {(x1, . . . , xn) ∈ Rn | x21 + x22 ≤ r},
P 2n(r) : = Tn ×∆n(r),
Y 2n(r) : = Tn × (0, r)× (R+)n−1,
(1.4)
where r ∈ R+ := (0,∞) and T ∗Tn is naturally symplectically identified to Tn × Rn.
Let U, V be two open subset of T ∗M . Recall that a symplectic embedding ψ : U → V is
called p˜i1(M)-trivial if ψ∗α = α for any α ∈ [S1,M ].
Theorem 1.12. There is a p˜i1(M)-trivial symplectic embedding φ : P 2n(s) → Y 2n(r) such that
for every u ∈ ∆n(r), φ(Tn × {u}) is a C∞ section in T ∗Tn if and only if s ≤ r.
Under a weaker topological condition, namely, the induced map φ∗ : H∗(P 2n(s);Z) →
H∗(Y 2n(r);Z) is an isomorphism, Maley, Mastrangeli and Traynor [26] proved the above non-
squeezing theorem for any symplectic embedding φ : P 2n(s) → Y 2n(r) and used it to study
symplectic packing problems.
Theorem 1.13. There is a p˜i1(M)-trivial symplectic embedding φ : Tn × Bn(s) → Tn × Zn(r)
such that for a sequence {ui} ⊆ Bn(s) with limui = (s, 0 . . . , 0) every φ(Tn × {ui}) is a C∞
section in T ∗Tn if and only if s ≤ r.
In general we have infinitely many choices for the BPS capacity by varying the homotopy
type. However, they may be infinity simultaneously and provide no obstruction for the symplectic
embedding.
Let v be a unit vector in Rn, we define the following tilted cylinder
Y 2n(r, v) := Tn × (−r, r)v × v⊥.
We have the following theorem.
Theorem 1.14. Let v be a unit vector in Rn. Then it holds the following.
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(1) If v is the scalar multiple of an integer vector α ∈ Zn \ {0}. Then
CBPS(Y
2n(r, v),Tn,±α) = r‖α‖.
And for all β ∈ Zn \ span{α} and all r > 0, we have
CBPS(Y
2n(r, v),Tn, β) =∞.
(2) If v is not a scalar multiple of any integer vector. Then for all α ∈ H1(Tn,Z) \ {0} and
all r > 0, we have
CBPS(Y
2n(r, v),Tn, α) =∞.
We remark that similar statements can be formulated for Y of the form Tn × Dk × (Dk)⊥,
where Dk is a disk of dimension k lying in a k-dimensional plane in Rn. This theorem also
explains the necessity of assumption 2 of Theorem 1.8.
In the case of infinite capacity for all classes, squeezing may occur. We illustrate the squeezing
by the following example.
Example:
Let A :=
[
2 1
1 1
]
and the symplectic map ΦA : T ∗T2 → T ∗T2 via (x, y) 7→ (Ax,A−1y).
We next denote by v the eigenvector associated to the smaller eigenvalue of A. Then introduce
the cylinder Y 4(r, v). Let U be any bounded domain in R2, then the image of U under A−n is
expanded along v and contracted along v⊥. So for any r > 0, there exists N such that Φn(U) ⊂
Y 4(r, v) for all n > N .
Note that embeddings produced in this way can only be induced by a matrix A ∈ PSL2(Z)
with tr(A) > 2. Its eigenvalue has to be an algebraic number solving x2 − tr(A)x + 1 = 0.
The vector v has to be a scalar multiple of a vector in Z2[λ] where λ solves the above quadratic
equation.
We are naturally led to the following question.
Problem 2: Let v be an irrational vector but not a scalar multiple of a vector in Z2[λ] where
λ solves the above quadratic equation. Is it true that for all r > 0, there exists a symplectic map
Φ on T ∗T2 such that Φ(P 4(1)) ⊂ Y 4(r, v)?
Since we have the capacity CBPS(Y 4(r, v),T2, α) = ∞ for all α ∈ Z2 \ {0}, there is no
obstruction provided by the BPS capacity.
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2. FLOER HOMOLOGY ON A LIOUVILLE DOMAIN (X,λ)
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2.1. Basic definitions and convexity results. Let (X,λ) be a Liouville domain, meaning that X
is a 2n-dimensional compact manifold with boundary ∂X , λ is a 1-form on X such that dλ is a
symplectic form on X , and λ ∧ (dλ)n−1 > 0 on ∂X . There exists a vector field on X , called the
Liouville vector field Z of (X,λ), which points transversely outward at ∂X and satisfies
LZdλ = dλ.
Then (∂X, θ := λ|∂X) is a contact manifold. The Reeb vector field R is defined by dθ(R, ·) = 0
and θ(R) = 1. The action spectrum
Spec(X,λ) :=
{∫
γ
λ
∣∣∣∣ γ is a periodic Reeb orbit of R},
is closed and nowhere dense in R. Moreover, λ ∧ (dλ)n−1 > 0 implies Spec(X,λ) ⊂ (0,∞).
The vector field Z gives rise to an embedding φ : (0, 1]× ∂X → X satisfying
φ(1, z) = z and ρ∂ρφ(ρ, z) = Z(φ(ρ, z)).
It is easy to verify that φ∗λ = ρθ, and thus φ∗dλ = d(ρθ). So a neighborhood of ∂X in X can
be symplectically identified with the symplectic manifold ((0, 1] × ∂X, d(ρθ)). By attaching a
cylindrical end to (0, 1]× ∂X we obtain a completion of (X,λ) defined by
(X̂, λ̂) := (X,λ) ∪∂X ([1,∞)× ∂X, ρθ).
Obviously, (X̂, dλ̂) is an open symplectic manifold. Let Ht be a smooth time-dependent Hamil-
tonian on X̂ . The Hamiltonian vector field XH associated to H is defined by−dHt = dλ̂(XH , ·).
Denote by φtH the flow ofXH . Let Ẑ be the extended Liouville vector field of Z satisfying Ẑ = Z
on X and Ẑ = ρ∂ρ on (0,∞]× ∂X . Ẑ is complete since its flow exists for all times.
Let Jt be the t-dependent 1-periodic smooth dλ̂-compatible almost complex structure on X̂ ,
that is, 〈·, ·〉 := dλ̂(Jt·, ·) is a loop of Riemanian metrics on X̂ and J2 = −I . The corresponding
norm is defined as | · |Jt :=
√〈·, ·〉, and the set consisting of all such Jt is denoted by J . We call
an almost complex structure Jt ∈ J of contact type on [ρ0,∞)× ∂X for some ρ0 > 0 if
dρ ◦ Jt = λ̂ on [ρ0,∞)× ∂X.
Equivalently, Jt preserves the symplectic splitting
T(ρ,z)X̂ = kerλ(z)⊕ RR(z)⊕ RẐ(ρ, z) ∀ (ρ, z) ∈ [ρ0,∞)× ∂X
and
JtR = Ẑ, JtẐ = −R. (2.1)
Denote by J (X̂, λ̂) the subset of J which consists of almost complex structures of contact type
at infinity.
Disk cotangent bundles of a closed Finsler manifold are examples of Liouville domains which
we are mainly interested in throughout this paper. For more examples of Liouville domains, we
refer the reader to the survey article [35] by Seidel.
Example 2.1. Let M be a closed C∞ manifold with a Finsler metric F , which induces a co-
Finsler metric F ∗ defined on the cotangent bundle T ∗M (see Subsection 1.1). Denote by W :=
DFT ∗M the unit cotangent disk bundle. The restriction θ = λ0|∂W of the standard Liouville
form λ0 := pdx to the boundary ∂W is a contact form on ∂W . So (W,λ0) is a Liouville domain.
The standard Liouville vector field Z = p ∂∂p is transverse to ∂W . The flow ϕ of Z induces the
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diffeomorphism
(0,∞)× ∂W → T ∗M \ {0}, (ρ, z)→ ϕlog ρ(z)
which has the inverse
T ∗M \ {0} → (0,∞)× ∂W, z →
(
F ∗(z),
z
F ∗(z)
)
.
Then T ∗M is naturally identified with its completion
Ŵ := W ∪∂W [1,∞)× ∂W.
Under this identification, on T ∗M \ DFr T ∗M ∼= (r,∞) × ∂W (see (3.1) for the definition of
DFr T
∗M ), a function f ∈ C∞(T ∗M,R) can be written as f(ρ, z) with respect to the variables ρ
and z.
To define Floer homology on (X̂, dλ̂), we will need the C0-bounds for solutions u : R×S1 →
X̂ to the s-dependent Floer equation
∂su+ Js,t(u)(∂tu−XHs,t(u)) = 0. (2.2)
Based on the method of the maximum principle, various C0-bounds for the solutions of Floer
equations given by the almost complex structures of contact type are established in the litera-
ture, see, for instance, [4, 6, 20, 35, 39]. For our purpose we will show the following convexity
results for those Hamiltonians which are constant, linear and/or superlinear (with respect to the
ρ-variable) at infinity in a unified way.
Lemma 2.2. Let (X,λ) be a Liouville domain. Let {Hs,t}s,t∈R×S1 be a smooth family of Hamil-
tonians on X̂ , and {Js,t}s,t∈R×S1 be a smooth family of elements in J . Assume that there exists a
constant ρ0 > 0 and two functions f, g ∈ C∞(R) such that for every (s, t) ∈ R× S1,
• Hs,t(ρ, z) = f(s)ρµ + g(s) on [ρ0,∞) × ∂X , where µ ≥ 1 and f ′(s) ≥ 0, or µ = 0
without any restriction on f and g.
• Js,t is of contact type on [ρ0,∞)× ∂X .
If u : R × S1 → X̂ satisfies (2.2) and u−1([ρ1,∞) × ∂X) is bounded for some ρ1 > ρ0, then
u(R× S1) ⊂ X̂ \ ((ρ1,∞)× ∂X).
This lemma is proved in Section 9.1.
Remark 2.3. Suppose that the Hamiltonians H are radial outside a compact set of (X̂, dλ̂), that
is,
H(ρ, z) = h(ρ), ∀ (ρ, z) ∈ [ρ0,∞)× ∂X
for some ρ0 > 0, where h : [ρ0,∞)→ R is a smooth function. The Hamiltonian vector field XH
has the form
XH(ρ, z) = h
′(ρ)R(z) on [ρ0,∞)× ∂X.
Thus a T -periodic Reeb orbit of R gives rise to a 1-periodic orbit of XH in {r0}× ∂X if and only
if T = |h′(r0)|, and conversely every 1-periodic orbit in {r0} × ∂X for r0 ≥ ρ0 is given by a
T -periodic orbit of R with T = |h′(r0)|.
2.2. Floer homology of admissible Hamiltonians. ForH ∈ C∞(S1× X̂), we denoteP(H) ⊆
X̂ as the set of all 1-periodic orbits of XHt :
P(H) =
{
z ∈ C∞(S1, X̂)∣∣z˙(t) = XHt(z(t))}.
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Define the set of admissible Hamiltonians Had to consist of all smooth H : S1 × X̂ with the
following properties:
• H is linear at infinity, meaning that there exist ρ0 > 0, µH > 0 and aH ∈ R such that
Ht(ρ, z) = µHρ+ aH on [ρ0,∞)× ∂X
for all t ∈ S1. Here µH is required to satisfy µH /∈ Spec(X,λ).
• All elements z ∈P(H) are non-degenerate, that is, the linear map
dφ1H(z(0)) : Tz(0)X̂ → Tz(0)X̂
does not have 1 as an eigenvalue.
Observe that since µH /∈ Spec(X,λ), the linear behavior of Ht := H(t, ·) means that there are no
1-periodic orbits in [ρ0,∞)× ∂X , hence there are finitely many in total.
For a free homotopy class α ∈ [S1, X̂], denote ΛαX̂ := {z ∈ C∞(S1, X̂)|[z] = α} and
Pα(H) := P(H) ∩ ΛαX̂ . Note that if α 6= 0, there is no canonical way to assign Z-valued
Conley-Zehnder index to elements z ∈ Pα(H). However, for (X̂, dλ) = (T ∗M,dp ∧ dx), one
can follow Abbondandolo and Schwarz’s line to define Z-valued Conley-Zehnder index, cf. [3].
In this paper we only work on (X,λ) = (DFT ∗M,pdx), and so let us assume that the Z-valued
Conley-Zehnder index of noncontractible Hamiltonian periodic orbits is well-defined.
The Floer action functional AH : ΛαX̂ → R is defined by
AH(z) =
∫
S1
z∗λ−
∫ 1
0
H(t, z)dt. (2.3)
It is easy to check that a loop z ∈Pα(H) if and only if z is a critical point of AH on ΛαX̂ . The
set of values of AH on Pα(H) is called the action spectrum with respect to α, and we denote it
by
Spec(H;α) := {AH(x)
∣∣x ∈Pα(H)}.
For every k ∈ Z, we define the Floer chain group CFk(H;α) to be the free Z2-module
generated by the elements z ofPα(H) with Conley-Zehnder index µCZ(z) = k.
Assume that H ∈ Had and J ∈ J (X̂, λ̂). Given critical points z± ∈Pα(H) , denote by
M̂α(z−, z+, H, J) ⊆ C∞(R× S1, X̂)
the set of smooth maps u : R× S1 → X̂ that satisfy the Floer equation
∂su+ J(u)(∂tu−XH(u)) = 0 (2.4)
and the asymptotic conditions
lim
s→−∞u(s, t) = z− and lims→+∞u(s, t) = z+ (2.5)
uniformly in t ∈ S1. Note that each moduli space M̂α(z−, z+, H, J) carries a free R-action
given by (τ · u)(s, t) := u(s − τ, t), denote byMα(z−, z+, H, J) the quotient space under this
action. For generic J ∈ J (X̂, λ̂), Mα(z−, z+, H, J) carries a smooth manifold structure with
dimension µCZ(z−)− µCZ(z+)− 1. Such J is called a regular almost complex structure for H .
If µCZ(z−) = µCZ(z+) + 1,Mα(z−, z+, H, J) is compact, and hence consists of finitely many
points. The boundary operator
∂k = ∂k(H,J) : CFk(H;α)→ CFk−1(H;α)
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is defined by
∂k(z−) =
∑
z+∈Pα(H)k−1
n(z−, z+)z+, x ∈Pα(H)k
with n(z−, z+) := ]2
(Mα(z−, z+, H, J)). The standard transversality and gluing arguments
(see e.g. [31]), combining with a C0-bounds for solutions of the Floer equation (see Lemma 2.2)
show that
∂k−1 ◦ ∂k = 0.
So {CF∗(H;α), ∂∗(H,J)} is a chain complex, called the Floer chain complex. The Floer homol-
ogy HF∗(H,J ;α) is defined to be the homology of such a chain complex. Moreover, the homol-
ogy group of {CF∗(H;α), ∂∗(H,J)} does not depend on J , and we denote it by HF∗(H;α).
3. RADIAL HAMILTONIAN SYSTEMS RELATED TO FINSLER STRUCTURES
Let (M,F ) be a smooth n-dimensional Finsler manifold. The Euler theorem impliesF 2(x, y) =
gF (x, y)[y, y]. Note that F 2 is only C1 on the zero section of TM . In a local coordinate centered
at x ∈M , the Finsler metric can be represented by
gij(x, y) =
1
2
∂2(F 2)
∂yi∂yj
(x, y) ∀ y ∈ TxM \ {0}.
For r ∈ (0,∞), denote the Finsler cotangent disk DFr T ∗M with radius r by
DFr T
∗M :=
{
(x, p) ∈ T ∗M ∣∣F ∗(x, p) ≤ r}. (3.1)
Let (gij) be the inverse matrix of the matrix (gij). ∇F denotes the Chern connection associated
to the Finsler metric on M , see [34].
Definition 3.1. A smooth curve c : (a, b)→M in a Finsler manifold M is called a F -geodesic if
lenF is stationary at c, that is, for any variation cs(t) of c it holds that
d
ds
lenF (cs)
∣∣
s=0
= 0.
Here cs(·) = τ(s, t), and τ : (−ε, ε)× [a, b]→M is a smooth function such that τ0(t) = c(t) for
all t ∈ (a, b), and cs(a), cs(b) are constants not depending on s ∈ (−ε, ε).
Lemma 3.2. Let M be a closed connected Finsler manifold, and let α ∈ [S1,M ] be a free
homotopy class in M . Then the marked length spectrum Λα is a closed and nowhere dense subset
of R.
The proof of the above lemma is analogous to the Riemannian case, see, e.g. [40, Lemma 3.3],
and thus we omit it here.
The geometries (T ∗M,F ∗) and (TM,F ) are related by the Legendre transforms `.
Definition 3.3. The Legendre transform `x : TxM → T ∗xM is defined as
(`x(v))j = gij(x, v)v
i ∀ v ∈ TxM \ {0} and `x(0) = 0;
and the Legendre transform `∗x : T ∗xM → TxM is given by
(`∗x(p))
j = gij(x, p)pi ∀ p ∈ T ∗xM \ {0} and `∗x(0) = 0.
Lemma 3.4. Let h : [0,∞) → R be a smooth function being constant near 0. Let H be a
C∞-radial function on the cotangent bundle T ∗M which is given by
H(x, y) = f(F ∗(x, y)) = h(F ∗2(x, y)),
14 WENMIN GONG AND JINXIN XUE
where f(x) = h(x2) is a smooth function on [0,∞). Assume that z(t) = (x(t), y(t)) is a smooth
loop on T ∗M . Then z is a critical point of the action functional AH if and only if x(t) is a
F -geodesic loop with constant speed satisfying
f ′(rz)y(t) = rz`x(x˙)(t), F (x(t), x˙(t)) ≡ ±f ′(rz) ∀ t ∈ S1 (3.2)
for some constant rz = F ∗(z(t)) ≥ 0, and in this case the action of AH at z(t) is given by
AH(z(t)) = f
′(F ∗(z(t)))F ∗(z(t))− f(F ∗(z(t))).
The proof is postponed to Section 9.2.
4. FILTERED FLOER HOMOLOGY OF COTANGENT BUNDLES
Let (M,F ) be a closed connected Finsler manifold. In this section we introduce a filtration
on the Floer chain complex via the action for a class of time-dependent 1-periodic Hamiltonians
defined on the cotangent bundle T ∗M , which can be viewed as the completion of the Liouville
domain (DFT ∗M,λ) (see Example 2.1).
4.1. Radial and linear Hamiltonians at infinity. Fix a free homology class α ∈ [S1, T ∗M ]. Let
a, b ∈ R ∪ {±∞} with a < b. For η > 0, define
H a,bη;α :=
{
H ∈ C∞(S1 × T ∗M) ∣∣ ∃ τ ≥ 0 ∃ c ∈ R such that Ht(x, p) = τF ∗(x, p)− c for
F ∗(x, p) ≥ η, {a, b} ∩ Spec(H;α) = ∅, and τ /∈ Λα or c /∈ [a, b]
}
.
Let us give some explanations about the above definition:
(1) the condition that a, b are not in the action spectrum allows for small perturbations of the
Hamiltonian without changing Floer homology;
(2) if τ ∈ Λα, by Lemma 3.4, such a Hamiltonian admits degenerate 1-periodic orbits of
action c on all hypersurfaces {(x, p) ∈ T ∗M |F ∗(x, p) = r} with r ≥ η; if τ = 0, every
point in the complement of DFη T
∗M is a degenerate 1-periodic orbit with action c. So the
condition c /∈ [a, b] excludes all these degenerate orbits;
(3) if τ /∈ Λα and τ > 0, by Lemma 3.4 again, there are no Hamiltonian 1-periodic orbits on
T ∗M \DFη T ∗M , so from Remark 2.3 one can see that τ /∈ Spec(DFT ∗M,λ).
For each H ∈H a,bη;α , denote
P(a,b)α (H) := {z ∈Pα(H) | AH(z) ∈ (a, b)}.
Observe that one can perturb H along the periodic orbits z ∈ P(a,b)α (H) by a smooth function
h ∈ C∞0 (S1 × DFη T ∗M) with sufficiently small ‖ · ‖C2-norm such that H + h ∈ H a,bη;α and all
elements inP(a,b)α (H + h) are nondegenerate, see, [31, Section 9] or [40].
4.2. The definition of filtered Floer homology. Assume that H ∈H a,bη;α is nondegenerate. Con-
sider the Z2-vector space
CF(a,b)(H,α) :=
⊕
x∈P(a,b)α (H)
Z2x
which is graded by the index µCZ . Here we use the convention that the complex generated by the
empty set is zero.
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Given z± ∈ CF(a,b)(H;α), every solution u of (2.4) connecting z− to z+ satisfies
AH(z−)−AH(z+) =
∫
R×S1
∣∣∂su(s, t)∣∣2Jtdsdt ≥ 0.
Similar to Section 2.2, if µCZ(z−) = µCZ(z+) + 1, then for generic J ∈ J (T ∗M,λ0) the moduli
spaceMα(z−, z+, H, J), in consideration of the fact that AH(z−) ≥ AH(z+) if it is not empty,
gives rise to the boundary operator
∂∗ : CF
(a,b)
∗ (H;α)→ CF(a,b)∗−1 (H;α)
satisfying ∂∗−1∂∗ = 0. So (CF
(a,b)
∗ (H;α), ∂∗) is a chain complex. The above claims are
proved by the usual transversality and gluing arguments, together with the C0-estimate given
by Lemma 2.2. Its homology group HF(a,b)∗ (H;α) is called the filtered Floer homology of H ∈
H a,bη;α .
4.3. Homotopy invariance. Suppose that Hamiltonians H± ∈ H a,bη;α are nondegenerate. Then
H± = τ±F ∗(x, p) − c± on T ∗M \DFη T ∗M for some constants τ+ ≥ τ− ≥ 0 and c± ∈ R. Let
β : R → [0, 1] be a smooth cut-off function such that β = 0 for s ≤ 0, β(s) = 1 for s ≥ 1 and
0 ≤ β˙(s) ≤ 1. Let Hs = {Hs,t} be a smooth homotopy from R toH a,bη;α defined by
Hs,t := (1− β(s))H−t + β(s)H+t .
Identifying T ∗M \DFη T ∗M with (η,∞)×DFT ∗M yields for any (ρ, z) ∈ (η,∞)×DFT ∗M ,
Hs,t(ρ, z) := Hs,t(x, p) = β(s)(τ+ − τ−)ρ+ τ−ρ+ β(s)(c− − c+)− c−
with ρ = F ∗(x, p) and z = (x, p/F ∗(x, p)) ∈ SFT ∗M := ∂DFT ∗M .
Given z± ∈Pα(H±), consider the parameter-dependent Floer equation
∂su+ Js,t(u)(∂tu−XHs,t(u)) = 0 (4.1)
which satisfies uniformly in t ∈ S1 the asymptotic boundary conditions
lim
s→±∞u(s, t) = z± and lims→±∞ ∂su(s, t) = 0. (4.2)
Here Js,t : R→ J is a regular homotopy of smooth families of dλ0-compactible almost complex
structure on T ∗M satisfying
• Js,t is of contact type on (η,∞)×DFT ∗M .
• Js,t = J−t is regular for H−t for s ≤ 0.
• Js,t = J+t is regular for H+t for s ≥ 1.
• The linearized operator for equation (4.1) is surjective for each finite-energy solution of
(4.1) in the homotopy class α.
By our assumption,
∂2Hs,t
∂s∂ρ
= β(s)(τ+ − τ−) ≥ 0
thus, combining Lemma 2.2 with the exactness of the canonical symplectic form dλ0 implies that
the moduli spaces Mα(z−, z+, Hs,t, Js,t) of smooth solutions of (4.1) satisfying the boundary
conditions (4.2) are C∞loc-compact. Observe that every solution u of (4.1) and (4.2) satisfies the
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energy identity
E(u) : =
∫ ∞
−∞
∫ 1
0
|∂su|Js,tdsdt
= AH−(z−)−AH+(z+)−
∫ ∞
−∞
∫ 1
0
(∂sHs,t)(u(s, t))dsdt. (4.3)
Therefore, for |H+ −H−| sufficiently small we can define a chain map from CF(a,b)∗ (H−;α) to
CF
(a,b)
∗ (H+;α), (see [8, Section 4.4]). This defines an homomorphism
σH+H− : HF
(a,b)(H−;α)→ HF(a,b)(H+;α)
which is independent of the choice of homotopy by standard arguments, see, e.g., [31, 34]. Actu-
ally, we have the following.
FIGURE 4.1. The functions H±, H ′ and homotopies
Lemma 4.1 (Local isomorphisms). If H± are sufficiently close to H ∈H a,bη;α , then the homomor-
phism σH+H− is an isomorphism.
The proof of the above lemma, essentially due to Weber (see [40, Lemma 2.5]), is based on the
convexity result in Section 2.1 and the properties of the marked length spectrum (see Lemma 3.2).
Sketch of the proof. As in [40], consider an appropriate intermediate Hamiltonian H ′ (see Fig-
ure 4.1), and two homotopies H0s,t := (1 − β(s))H−t + β(s)H ′t and H1s,t := (1 − β(s))H ′t +
β(s)H+t . Here the C
∞-Hamiltonian H ′ is required to satisfy: H ′ = H− on DFη T ∗M , H ′ =
τ+F
∗−c0 for some constant c0 ∈ R outsideDF2ηT ∗M and ∂H
′
∂ρ ≥ 0 for ρ ∈ (η, 2η). The standard
arguments (see [31, Section 3.4]) implies that the homomorphisms σH+H− and σH+H′ ◦ σH′H−
are equal. Hence it suffices to prove that both σH+H′ and σH′H− are isomorphisms whenever H±
are sufficiently close to H ∈H a,bη;α .
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To prove this, let us first note that since R \ Λα is open by Lemma 3.2, (τ−, τ+) ∩ Λα = ∅
provided that H+ and H− are sufficiently close to H ∈ H a,bη;α . From Lemma 3.4 we know that
no 1-periodic Hamiltonian orbits of H+ and H− appear outside DFη T ∗M . Then, by lemma 2.2,
the solution u of Floer equation (4.1) connecting z− ∈ Pα(H−) to z ∈ Pα(H ′) can not escape
from DFη T
∗M . Moreover, we have H0s = H− on DFη T ∗M for all s ∈ R. Therefore, the
homomorphism σH′H− is the identity map.
Secondly, observe that outside DF2ηT
∗M it holds that ∂
2Hs,t
∂s∂ρ = 0. By lemma 2.2 again all
solutions of Floer equation (4.1) corresponding to the homotopy H1s,t remains in D
F
2ηT
∗M , and
this also holds for its inverse homotopy Gs,t := (1− β(s))H+t + β(s)H ′t. So the usual argument
of reversing the homotopy achieves σH+H′ = σ
−1
H′H+ , and hence σH+H′ is an isomorphism. This
completes the proof of Lemma 4.1. 
A direct consequence of the above lemma is that one can still define HF(a,b)(H−;α) for every
H ∈H a,bη;α when H is degenerate, by simply setting
HF(a,b)(H;α) := HF(a,b)(H˜;α)
for any nondenerate Hamiltonian H˜ ∈H a,bη;α which is sufficiently close to H . Moreover, by com-
posing the above local isomorphisms we deduce that in each component of H a,bη;α , the functions
have identical Floer homology groups.
4.4. Monotone homotopies. Let H,K ∈ H a,bη;α be two functions with H(t, z) ≤ K(t, z) for all
(t, z) ∈ S1 × T ∗M . Choose a smooth homotopy s → Hs = {Hs,t} from H to K such that
∂sHs ≥ 0 everywhere and ∂
2Hs,t
∂s∂ρ ≥ 0 for every ρ ≥ η. Here we do not require Hs,t to be inH a,bη;α
for every s ∈ [0, 1]. From the energy identity (4.3) we deduce that such a homotopy induces a
natural homomorphism, which is called monotone homomorphism
σKH : HF
(a,b)(H;α)→ HF(a,b)(K;α). (4.4)
(see, e.g., [8, 13, 10, 34, 39]):
Lemma 4.2. These monotone homomorphisms are independent of the choice of the monotone
homotopy of Hamiltonians and satisfy the following properties
σHH = id ∀ H ∈H a,bη;α ,
σKH ◦ σHG = σKG
(4.5)
whenever G,H,K ∈H a,bη;α satisfy G ≤ H ≤ K.
As a corollary we have
Lemma 4.3 (see [39] or [8, Section 4.5]). If Ks is a monotone homotopy from H to K such that
Ks ∈H a,bη;α for every s ∈ [0, 1], then σKH is an isomorphism.
4.5. Symplectic homology. Following closely the discussion in [8, Sections 4.6 and 4.7], we
consider the direct and inverse limits of Floer homology groups, see also [40, Section 3.1].
4.5.1. Partially ordered set (H a,bα ,). Fix a free homotopy class α ∈ [S1,M ]. For −∞ ≤ a <
b ≤ +∞, we define
H a,bα :=
{
H ∈ C∞0 (S1 ×DFT ∗M)
∣∣ a, b /∈ Spec(H;α)}
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of all Hamiltonians which are compactly supported inDFT ∗M and do not contain a and b in their
action spectrum. We introduce the partial-order relation  on the setH a,bα by
H0  H1 ⇐⇒ H0(t, z) ≤ H1(t, z) for all (t, z) ∈ S1 ×DFT ∗M.
4.5.2. Inverse limits. Note that α 6= 0 implies H a,bα ⊆ H a,b1;α . When α is the homotopy class
of constant loops, we ask the intervals [a, b] to not contain 0. In this case, we still have H a,bα ⊆
H a,b1;α . So the monotone homomorphisms σH1H0 in Section 4.4 yields the partially ordered system
(HF, σ) of Z2-vector spaces over H a,bα , that is, HF assigns to every H ∈ H a,bα the Z2-vector
space HF(a,b)∗ (H;α), and σ assigns to any two elements H0  H1 the monotone homomorphism
σH1H0 satisfying (4.2). The partial order system (H
a,b
α ,) is downward directed, meaning that
for any H1, H2 ∈ H a,bα , there exists H0 ∈ H a,bα such that H0  H1 and H0  H2. The functor
(HF, σ) is an inverse system of Z2 vector spaces over H a,bα , which has an inverse limit, called
symplectic homology of DFT ∗M in the free homotopy class α for the action interval (a, b) and
defined by
SH←−
(a,b)
∗ (DFT ∗M ;α) := lim←−
H∈H a,bα
HF(a,b)∗ (H;α)
: =
{
{eH}H∈H a,bα ∈
∏
H∈H a,bα
HF(a,b)∗ (H;α)
∣∣∣∣H1  H2 ⇒ σH2H1(eH1) = eH2}.
For H ∈H a,bα , one can define the natural projection
piH : SH←−
(a,b)
∗ (DFT ∗M ;α)→ HF(a,b)∗ (H;α)
which satisfies piH1 = σH1H0 ◦ piH0 whenever H0  H1.
4.5.3. Direct limits. Fix c > 0. Next we introduce relative symplectic homology of the pair
(DFT ∗M,M) at the level c in the homotopy class α for the action interval (a, b). Consider the
subset
H a,b;cα :=
{
H ∈H a,bα
∣∣ sup
S1×M
H < −c}.
This set is upward directed. Namely, for any H0, H1 ∈ H a,b;cα , there exists H2 ∈ H a,b;cα such
that H0  H2 and H1  H2. The functor (HF, σ) can be viewed as an direct system of Z2-vector
spaces overH a,b;cα , whose direct limit is defined as
SH−→
(a,b);c
∗ (DFT ∗M,M ;α) := lim−→
H∈H a,b;cα
HF(a,b)∗ (H;α)
:=
{
(H, eH)
∣∣H ∈H a,b;cα , eH ∈ HF(a,b)∗ (H;α)}/ ∼ .
Here the equivalence relation is defined as follows: (H0, eH0) ∼ (H1, eH1) if and only if there
exists H2 ∈ H a,b;cα such that H0  H2, H1  H2 and σH2H0(eH0) = σH2H1(eH1). The direct
limit is a Z2-vector space with the operations
k[H0, eH0 ] := [H0, keH0 ], [H0, eH0 ] + [H1, eH1 ] := [H2, σH2H0(eH0) + σH2H1(eH1)],
for any k ∈ Z2 and H2 ∈H a,b;cα with H0  H2 and H1  H2. For H ∈H a,b;cα , let
ιH : HF
(a,b)
∗ (H;α) −→ SH−→
(a,b);c
∗ (DFT ∗M,M ;α), eH 7→ [H, eH ]
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be the natural homomorphism which satisfies ιH0 = ιH1 ◦ σH1H0 .
4.5.4. Exhausting sequences. A sequence {Hi ∈ H a,bα |i ∈ N} is called downward exhausting
for (HF, σ) if it holds the following two properties
• for every i ∈ N we have Hi+1  Hi and σHiHi+1 : HF(a,b)∗ (Hi+1;α)→ HF(a,b)∗ (Hi;α) is
an isomorphism
• for every H ∈H a,bα there exists a i ∈ N such that Hi  H .
Correspondingly, a sequence {Hi ∈H a,b;cα |i ∈ N} is called upward exhausting for (HF, σ) if and
only if the following holds:
• for every i ∈ N we have Hi  Hi+1 and σHi+1Hi : HF(a,b)∗ (Hi;α)→ HF(a,b)∗ (Hi+1;α) is
an isomorphism
• for every H ∈H a,b;cα there exists a i ∈ N such that H  Hi.
Given an exhausting downward (upward) sequence it is possible to actually compute a inverse
(direct) limit.
Lemma 4.4. Let (HF, σ) be the partially ordered system of Z2-vector spaces over (H a,bα ,).
(i) If {Hi ∈ H a,bα |i ∈ N} is a downward exhausting sequence for (HF, σ), then the ho-
momorphism piHi : SH←−
(a,b)
∗ (DFT ∗M ;α) → HF(a,b)∗ (Hi;α) is an isomorphism for every
i ∈ N.
(ii) If {Hi ∈ H a,b;cα |i ∈ N} is a upward exhausting sequence for (HF, σ), then the homo-
morphism ιHi : SH−→
(a,b);c
∗ (DFT ∗M,M ;α)→ HF(a,b)∗ (Hi;α) is an isomorphism for every
i ∈ N.
Before the end of this section, let us state the following proposition, which is an adaptation of
[8, Proposition 4.8.2].
Proposition 4.5 ([8, Proposition 4.8.2]). Let α ∈ [S1,M ] be a free homotopy class and suppose
that −∞ ≤ a < b ≤ +∞. Then for any c ∈ R there exists a unique homomorphism
T (a,b);cα : SH←−
(a,b)
∗ (DFT ∗M ;α) −→ SH−→
(a,b);c
∗ (DFT ∗M,M ;α)
such that for every H ∈H a,b;cα , the following diagram commutes:
SH←−
(a,b)
∗ (DFT ∗M ;α)
T
(a,b);c
α //
piH ((
SH−→
(a,b);c
∗ (DFT ∗M,M ;α)
HF
(a,b)
α (H;α)
ιH
55
(4.6)
5. THE ABBONDANDOLO-SCHWARZ ISOMORPHISM BETWEEN THE MORSE AND THE FLOER
COMPLEX
5.1. The Abbondandolo-Schwarz isomorphism. In order to compute the groups SH←−
(a,b)
∗ (DFT ∗M ;α)
and SH−→
(a,b);c
∗ (DFT ∗M,M ;α), we use Abbondandolo-Schwarz isomorphism between the Morse
and the Floer complex, which we introduce next.
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Let M be a smooth compact connected n-dimensional manifold without boundary. Recall that
a smooth Lagrangian
L : S1 × TM → R
is fiberwise convex and quadratic at infinity if it satisfies:
(L1) there exists l1 > 0 such that
∂vvL(t, x, v) > l1I ∀ (t, x, v) ∈ S1 × TM ;
(L2) there exists l2 > 0 such that
‖∂vvL(t, x, v)‖ 6 l2, ‖∂xvL(t, x, v)‖ 6 l2(1 + |v|),
‖∂xxL(t, x, v)‖ 6 l2(1 + |v|2) ∀ (t, x, v) ∈ S1 × TM
(5.1)
with respect to some Riemannian metric g on M with |v|2x := gx(v, v).
Equivalently, there exists a finite atlas on M and two constants 0 < c0 < c1 such that in every
chart of this atlas the following conditions hold:
(L1)
∑
i,j
∂2
∂vi∂vj
L(t, x, v)uiuj ≥ c0|u|2 ∀ t ∈ S1, ∀ u = (u1, u2, . . . , un) ∈ Rn.
(L2)
∣∣ ∂2
∂vi∂vj
L(t, x, v)
∣∣ ≤ c1, ∣∣ ∂2∂xi∂vjL(t, x, v)∣∣ ≤ c1(1 + |v|) and∣∣ ∂2
∂xi∂xj
L(t, x, v)
∣∣ ≤ c1(1 + |v|2), ∀ (t, x, v) ∈ S1 × TM.
Denote by L(M) the space of absolutely continuous curves γ : S1 →M such that∫
S1
g(γ˙(t), γ˙(t))dt <∞,
and denote by Lα(M) the connected component whose elements represent the free homotopy
class α. It is well known that Lα(M) has Hilbert manifold structures, and its tangent space at γ
TγLα(M) can be identified with the Hilbert space W 1,2(γ∗TM) equipped with the inner product
〈ξ, η〉W 1,2 :=
∫ 1
0
g(ξ(t), η(t))dt+
∫ 1
0
g(∇gξ(t),∇gη(t))dt.
HereW 1,2(γ∗TM) denotes the space of all 1-periodic vector fields along γ with finiteW 1,2-norm.
Remark 5.1. Since Lα(M) is homotopy equivalent to Λα(M), if no ambiguity is possible, we
sometimes just work on Λα(M) instead of the complete space Lα(M) (see, e.g., using Lemma 6.1
to show Theorem 1.3).
The Lagrangian action functionalL : Lα(M)→ R is defined by
L (x) :=
∫ 1
0
L(t, x(t), x˙(t))dt ∀ x ∈ Lα(M).
Here we need to point out that in general the functional L is not of class C2. Indeed, L is of
class C2 if and only if the function v → L(t, x, v) is a polynomial of degree at most 2 for all
(t, x) ∈ S1 ×M (see [5, Proposition 3.2] for the detailed proof). To do Morse theory one may
need at least C2-regularity since the Morse lemma requires C2-regularity (see [9]). The lack of
C2-regularity of L seems to prevent us from doing infinite dimensional Morse theory for L .
However, under the following non-degeneracy hypothesis (see (L0) below), one still construct a
Morse complex forL by using the so-called pseudo-gradient forL (cf. [5]).
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(L0) Every critical point x ofL is non-degenerate, that is, the symmetric bilinear form d2L (x)
on TxLα(M) is non-degenerate.
We next cite a result given by Abbondandolo and Schwarz [4].
Theorem 5.2 (Abbondandolo-Schwarz). LetM be a closed manifold. Assume thatH ∈ C∞(S1×
T ∗M,R) is the Legendre transform of the Lagrangian L ∈ C∞(S1 × TM,R) satisfying (L0) –
(L2). Then there exists a chain isomorphism Ψ from the Floer complex of H to the Morse complex
of the Lagrangian action functional L associated to the Lagrangian L with coefficients in Z2.
Moreover, such an isomorphism preserves the action filtrations, that is, Ψ induces an isomorphism
Ψ∗ between HF<a∗ (H;α) and HM
<a
∗ (L ;α) for every a ∈ R ∪ {±∞}.
5.2. Convex quadratic modifications. The main problem of applying Abbondandolo and Schwarz
to our setting is that F 2 is not smooth at the zero section. To solve this problem, we introduce
the following quadratic modification which smoothens F 2 near the zero section maintaining the
fiberwise convexity.
Lemma 5.3. Let (M,F ) be a closed connected Finsler manifold and L0 = F 2 : TM → R. Then
there exists a family of convex quadratic η-modifications Lη of L0 which satisfies (L1), (L2) and
the following on TM :
(a) L0(x, v)− η ≤ Lη(x, v) ≤ L0(x, v) for all (x, v) ∈ TM ,
(b) Lη(x, v) = L0(x, v) for L0(x, v) ≥ η.
Remark 5.4. Actually, we can construct a family of convex quadratic Lagrangians {Lη}0<η<η0
which satisfy (a) and (b), and in addition satisfy Lη1 ≥ Lη2 for 0 < η1 < η2. This can be done
by picking a Lagrangian Lη0 as in Lemma 5.3, and then rescaling the parameters in the auxiliary
functions λµ,δ and χ
κ
δ,ρ (see Section 9.3) by ∆ ∈ (0, 1], for instance, κ → κ/∆, µ → µ/∆,
δ → ∆δ, → ∆ and η0 → ∆η0 without changing σ and ρ.
The strong convexity condition (L1) can be used to define a Hamiltonian on T ∗M by means
of the Legendre transform
L : S1 × TM → S1 × T ∗M, (t, x, v)→ (t, x, dvL(t, x, v)), (5.1)
which is is a fiber-preserving diffeomorphism, cf. [27]. The Hamiltonian H : S1 × T ∗M → R
takes the form
H(t, x, p) := max
v∈TxM
(p(v)− L(t, x, v)),
called the Fenchel dual Hamiltonian of L.
For each Lη in Lemma 5.3, its Legendre transform Hη coincides with 12F
∗2 on T ∗M \
D√ηT ∗M . Since Lη ≤ L0, by definition it holds that Hη ≥ 12F ∗2 on T ∗M . Moreover, since
we have ∂ppHη(x, p)∂vvLη(x, v) = I, we get thatHη is also fiberwise uniformly convex since Lη
satisfies (L1) by our construction.
For V ∈ C∞0 (S1 × TM,R), we define the Lagrangian action functionalL ηV on ΛαM by
L ηV (x) :=
∫ 1
0
1
2
Lη(x(t), x˙(t))− V (t, x(t), x˙(t))dt.
Now following directly from Theorem 5.2 we have the corollary.
Corollary 5.5. Let (M,F ) be a connected closed Finsler manifold, and let Lη (0 < η ≤ η0)
be a Lagrangian constructed in Section 5.2. Fix r ∈ (0,∞) \ Λα with r2 > η0. Suppose that
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Lη/2 + V for V ∈ C∞0 (S1 ×DFr TM) satisfies (L1) and (L2), and that every critical point x of
L ηV with L
η
V (x) ≤ r2/2 is non-degenerate. Let Hη + U be its Fenchel dual Hamiltonian with
U ∈ C∞0 (S1 ×DFr T ∗M).
(1) Then there is an isomorphism
Ψ∗ : HF
<r2/2
∗ (Hη + U ;α) −→ H∗
({
x ∈ ΛαM
∣∣L ηV (x) < r2/2}) (5.2)
which preserves the action filtrations, i.e., for every a ∈ (0, r2/2], Ψ∗ is an isomorphism
between HF<a∗ (Hη + U ;α) and H∗
({
x ∈ ΛαM
∣∣L ηV (x) < a}.
(2) For every a ∈ (0, r2/2] and 0 < η1 < η2 < η0, the following diagram commutes:
HF
(−∞,a)
∗ (Hη1 + U1;α) −−−−→ HF(−∞,a)∗ (Hη2 + U2;α)
∼=
y y∼=
H∗
({x ∈ ΛαM ∣∣L η1V1 (x) < a}) −−−−→ H∗({x ∈ ΛαM ∣∣L η2V2 (x) < a})
(5.3)
Here U1, U2 ∈ C∞0 (S1 × T ∗M,R) are chosen so that Hη1 + U1 and Hη2 + U2 satisfy
Hη2 + U2 ≤ Hη1 + U1 (and henceL η1V1 ≥ L
η2
V2
) and the non-degeneracy condition
(H0) All the elements z ∈ Pr2/2α (H) with H = Hη + Ui, i = 1, 2 are non-degenerate,
that is to say, the linear map dφ1H(z(0)) ∈ Sp(Tz(0)T ∗M) does not have 1 as an
eigenvalue.
6. THE PROOF OF THEOREM 1.3
In this section we use Abbondandolo-Schwarz isomorphism to compute Floer homology of a
class of convex radial Hamiltonians and prove Theorem 1.3. Let (M,F ) be a smooth connected
closed Finsler manifold. Let {Lη}0<η<η0 be a family of Lagrangians constructed in Section 5.2,
and Hη the Fenchel dual Hamiltonians of Lη/2. Denote Qη :=
√
2Hη. Obviously, it holds that
• Qη = F ∗ on T ∗M \D√ηT ∗M ,
• F ∗ ≤ Qη ≤
√
F ∗2 + η on T ∗M and
• Qη2 ≥ Qη1 for 0 < η1 ≤ η2 < η0.
For c ∈ R, denote H∗(Λη;cα M) the singular homology with Z2-coefficients of the sublevel set
Λη;cα M :=
{
x ∈ ΛαM
∣∣L η0 (x) ≤ c}.
Hereafter, we abbreviate Λ0;cα M by ΛcαM , and for a ≤ b denote by Iηa,b the natural inclusion from
Λη,aα M to Λ
η,b
α M . For the sake of simplicity, we also denote [I] : H∗(Λ
η;a
α M)→ H∗(Λη;bα M) the
homomorphism induced by Iηa,b.
In the proof of Theorem 1.3, we use the following two lemmata.
Lemma 6.1. ( [11, Proposition 3.1]) Let {ft}t∈[0,1] be a family of C1-functions from a Banach
space X to R. Let a ∈ R and ε > 0. For any t ∈ [0, 1], define
Σt := {u ∈ X|ft(u) ≤ a}.
Suppose that
(a) inf
u
{‖f ′(u)‖X∗ : a− ε ≤ f(u) ≤ a} > 0, ∀t ∈ [0, 1];
(b) if tk → t in [0, 1], then ftk → ft uniformly on
⋃
0≤τ≤1 Στ .
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Then H∗(Σ0) ∼= H∗(Σ1).
Lemma 6.2. Let {Lη}0<η<η0 be a family of Lagrangians constructed in Section 5.2. Suppose that
α is a nontrivial homotopy class of free loops in M and a ∈ (0,+∞) \ Λα. Then there exists a
natural isomorphism
lim←−
η∈(0,η0]
H∗
({
x ∈ ΛαM
∣∣L η0 (x) ≤ a2/2}) −→ H∗(Λa2/2α M).
Remark 6.3. Actually, in the proof of Lemma 6.2 we have shown that there exists a sufficiently
small constant η¯ = η¯(a) > 0 such that for any 0 ≤ η ≤ η¯, the natural inclusion
Λa
2/2
α M ↪→ {x ∈ ΛαM |L η0 (x) ≤ a2/2
}
induces an isomorphism between the Z2-singular homologies H∗({x ∈ ΛαM |L η0 (x) ≤ a2/2})
and H∗(Λ
a2/2
α M). Besides, one can also see that for η sufficiently small, the Lagrangian functional
L η0 has no critical points x ∈ ΛαM such that x˙(τ) ∈ DF√ηTM for some τ ∈ S1. Hence, by the
property of Legendre transform, we find that whenever η is sufficiently small, say, not larger than
η¯ > 0, the functional AHη does not admit critical points on ΛαT
∗M intersecting DF√ηT
∗M .
We now complete the proof of Theorem 1.3 assuming Lemma 6.2.
The proof of Theorem 1.3. We introduce a smooth function f (λ) with slope λ at infinity associated
to f as following: firstly follow the graph of f until it takes on slope λ for the first time, say, at
a point r = r(f, λ), then continue linearly with slope λ, finally smoothing near r yields a C∞-
function f (λ) which coincides with f outside a small neighborhood of r. Define the function f0 ∈
C∞([0,∞),R) by f0(s) := s2/2. Pick η¯ > 0 as in Remark 6.3. Denote ηˆ := min{η¯, λ2, 2f/2}.
Obviously, f ◦Qη = f ◦ F ∗, r(f0, λ) = λ, and Hη = f0 ◦Qη for all η ∈ (0, ηˆ].
To prove Theorem 1.3 (i) and (ii), we show that the vertical homomorphisms in diagram (6.1)
are isomorphisms, and prove that the following diagram commutes:
HF
(−∞,cf,µ)∗ (f ◦Qη +K1;α)

[iF ] // HF
(−∞,cf,λ)∗ (f ◦Qη +K1;α)

[id]

HF
(−∞,∞)
∗ (f (µ) ◦Qη +K2;α)
[iF ]
[σ]
//

HF
(−∞,∞)
∗ (f (λ) ◦Qη +K1;α)
[σ]

HF
(−∞,∞)
∗ (f
(µ)
0 ◦Qη +K3;α)

[σ]
[iF ] // HF
(−∞,∞)
∗ (f
(λ)
0 ◦Qη +K4;α)
[id]

HF
(−∞,µ2/2)
∗ (f0 ◦Qη +K4;α)
[iF ]
[σ]
//

HF
(−∞,λ2/2)
∗ (f0 ◦Qη +K4;α)
(5.3)

H∗(Λ
η;µ2/2
α M)
[I] // H∗(Λ
η;λ2/2
α M)
(6.1)
where Ki ∈ C∞0 (S1 × T ∗M), i = 1, 2, 3, 4, are compactly supported perturbations such that the
corresponding Hamiltonian 1-periodic orbits within the action windows are non-degeneracy. Once
24 WENMIN GONG AND JINXIN XUE
this is completed, composing of the vertical maps on the right hand side of diagram (6.1) yields
the isomorphism
Ψη,λf : HF
(−∞,cf,λ)∗ (f ◦Qη +K1;α) −→ H∗(Λη;λ2/2α M)
Then combining Ψη,λf with the natural isomorphism H∗(Λ
a2/2
α M) → H∗(Λη;λ
2/2
α M) by our
choice of η we obtain the desired isomorphism Ψλf .
The proof of (i). Observe that for every η ∈ (0, ηˆ], f ◦ Qη is constant on D√ηT ∗M (since
Qη ≤
√
F ∗2 + η ≤ √2η ≤ f and f ≡ f(0) on [0, f )), and is radial outside of D√ηT ∗M .
Then by Lemma 3.4, for sufficiently small perturbationsK1, every 1-periodic orbit of f ◦Qη+K1
with action less than cf,λ takes value in DrT ∗M with r = r(f, λ), and the connecting trajectories
between two such 1-periodic orbits are located in DrT ∗M . The same is true for f (λ) ◦Qη + K1
without any restriction on action. Since inDrT ∗M , Hamiltonians f ◦Qη+K1 and f (λ)◦Qη+K1
are the same, so both chain complexes are identical.
The second vertical homomorphism is induced by Floer’s continuation map σ(Hs) associated
to a homotopyHs from f (λ)◦Qη+K1 to f (λ)0 ◦Qη+K4. By the homotopy invariance (see subsec-
tion 4.3), [σ(Hs)] is indeed an isomorphism because outside some compact set, say, DFrˆ+1T
∗M
with rˆ := max{r(f0, λ), r(f, λ)}, f (λ) and f (λ)0 are of slope λ and hence belong to the same
component inH −∞,λ
2/2
rˆ+1;α .
The third vertical homomorphism is induced by the identity map between two identical chain
complexes, and hence is an isomorphism. In fact, although f0 is not constant near the origin, by
our choice of η we know that Hη = f0 ◦Qη has no Hamiltonian periodic orbits z ∈ ΛαT ∗M in-
tersecting DF√ηT
∗M . Thus z ∈ ΛαT ∗M is a 1-periodic orbit of the Hamiltonian f (λ)0 ◦Qη if and
only if z is a 1-periodic orbit of the Hamiltonian Hη with action AHη(z) < λ
2/2. Hence, for suf-
ficiently small perturbations K4, all 1-periodic orbits and their connecting trajectories are located
in DλT ∗M . Moreover, in DλT ∗M both Hamiltonians are the same. So both chain complexes are
identical.
The fourth vertical isomorphism is given by the Abbondandolo and Schwarz’s isomorphism.
Indeed, for K4 ∈ C∞0 (S1×DFλ T ∗M) with sufficiently small ‖K4‖C2 , the Hamiltonian Hη +K4
are still fiber-wise uniformly convex and quadratic at infinity. Note that the Legendre transform
(see (5.1)) is involutive, namely,
L−1 : S1 × T ∗M → S1 × TM, (t, x, p)→ (t, x, dpH(t, x, v)).
For any fiber-wise uniformly convex Lagrangian L and its Fenchel dual Hamiltonian H , we have
v = ∂pH(t, q, ∂vL(t, q, v)), ∂ppH(t, q, ∂vL(t, q, v))∂vvL(t, q, v) = Id. (6.2)
Denote by L′ the Fenchel dual Lagrangian of the Hamiltonian Hη +K4. Set
V (t, x, v) := L′(t, x, v)− 1
2
Lη(t, x, v) ∀ (t, x, v) ∈ S1 × TM.
By (6.2) and the implicit function theorem, we have ‖V ‖C2 is also small enough. Since K4 has
a compactly supported set in DFλ T
∗M , by the Legendre transform we find that V is compactly
supported in the disk tangent bundle DFλ TM := {(x, v) ∈ TM |F (x, v) ≤ λ}.
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For λ ∈ (0,+∞) \Λα, if ‖V ‖C2 is sufficiently small, λ2/2 is a regular value ofL ηV on ΛαM .
Therefore, by Lemma 6.1, we have the isomorphism
H∗
({
x ∈ ΛαM
∣∣L ηV (x) < λ2/2}) ∼= H∗({x ∈ ΛαM ∣∣L η0 (x) < λ2/2}). (6.3)
Furthermore, whenever the perturbation K4 is chosen such that all z ∈ Paα(Hη + K4) are non-
degenerate, the Abbondandolo and Schwarz’s isomorphism (see Corollary 5.5) implies
HF
(−∞,λ2/2)
∗ (Hη +K4;α) ∼= H∗
({
x ∈ ΛαM
∣∣L ηV (x) < λ2/2}). (6.4)
Combining (6.3) and (6.4) we get the fourth vertical isomorphism.
The proof of (ii). It suffices to show that for 0 < η ≤ ηˆ, the following diagram commutes:
HF
(−∞,cf,µ)∗ (f ◦Qη;α) ι
F−−−−→ HF(−∞,cf,λ)∗ (f ◦Qη;α)
Φη,µf
y' 'yΦη,λf
H∗(Λ
η;µ2/2
α M)
[ι]−−−−→ H∗(Λη;λ
2/2
α M)
(6.5)
This reduces to show the commutativity of the diagram 6.1. Let us note that the vertical maps on
the left hand side of (6.1) are similar to the ones on the right hand side. The perturbations K2 and
K3 are the restrictions of K1 and K4 respectively. The first four horizontal maps are induced by
inclusion of subcomplexes. The first and third blocks in diagram (6.1) commute on the chain level.
The second, third and fourth horizontal maps can also be viewed as being induced by continuation
map associated to monotone homotopies. Due to the convexity of the unperturbed Hamiltonians,
no orbits could enter from infinity during the homotopy, and hence continuation maps satisfy the
usual composition rule for concatenations of homotopies, see, e.g., [31, 34]. So the second block
in (6.1) commute. (5.3) implies the commutativity of block four which is already described at the
end of (i).
The proof of (iii). Let η˜ := min{η¯, λ2, 2f/2, 2g/2}. It is obvious that f ◦ Qη1 = f ◦ F ∗ and
g ◦ Qη2 = g ◦ F ∗. By Remark 6.3, we only need to prove that for 0 < η1, η2 < η˜ with η1 ≤ η2,
there exists an isomorphism Ψλgf such that the following diagram commutes:
HF
(−∞,cf,λ)∗ (f ◦Qη1 ;α)
Ψλgf−−−−→∼= HF
(−∞,cg,λ)∗ (g ◦Qη2 ;α)
Ψ
η1,λ
f
y yΨη2,λg
H∗(Λ
η1;λ2/2
α M)
[I]−−−−→∼= H∗(Λ
η2;λ2/2
α M)
(6.6)
Consider the following diagram:
26 WENMIN GONG AND JINXIN XUE
HF
(−∞,cf,λ)∗ (f ◦Qη1 +K1;α)
[id]

Ψλgf // HF
(−∞,cg,λ)∗ (g ◦Qη2 +K5;α)

[id]

HF
(−∞,∞)
∗ (f (λ) ◦Qη1 +K1;α)
[σ] //
[σ]

HF
(−∞,∞)
∗ (g(λ) ◦Qη2 +K5;α)
[σ]

HF
(−∞,∞)
∗ (f
(λ)
0 ◦Qη1 +K4;α)
[id]

[σ] // HF
(−∞,∞)
∗ (f
(λ)
0 ◦Qη2 +K6;α)
[id]

HF
(−∞,λ2/2)
∗ (Hη1 +K4;α)
[σ] // HF
(−∞,λ2/2)
∗ (Hη2 +K6;α)
(6.7)
All homomorphisms in (6.7) induced by Floer’s continuation maps σ are isomorphisms which
commute on homology because no orbits could enter from T ∗M \ DFλ T ∗M during the homo-
topy. If the compactly supported smooth perturbations K1,K4,K5 and K6 are chosen such that
‖K1‖C2 , ‖K4‖C2 , ‖K5‖C2 and ‖K6‖C2 are sufficiently small,Hη2 +K6 ≤ Hη1 +K4, and the as-
sociated 1-periodic Hamiltonian orbits (after perturbing) with action in the given action windows
are non-degeneracy, then different perturbations achieve the identical Floer homology groups, and
by a homotopy-of-homotopies argument two blocks in the diagram (6.7) commute. Using (5.3)
and (6.7) we can define an isomorphism Ψλgf such that diagram (6.6) commutes. 
We now give the proof of Lemma 6.2.
Proof of Lemma 6.2. We first claim that there exists ηˆ > 0 such that for all η < ηˆ, there exists
δ > 0 such that we have ‖dL η0 ‖ > δ on {x ∈ ΛαM |L η0 (x) = a2/2
}
. Arguing by contradiction,
since the Lagrangian functional L η0 satisfies the Palais-Smale condition (cf. [1]) we may assume
that for any ηˆ > 0, there exists η ∈ (0, ηˆ] and a xη ∈ ΛαM such that |dL η0 (xη)| = 0 and
L η0 (xη) = a
2/2.
Suppose a < lα, then for η sufficiently small,∫ 1
0
F 2(x(t), x˙(t))dt ≤
∫ 1
0
Lη(x(t), x˙(t))dt+ η ≤ a2 + η < l2α.
This contradicts the fact that
∫ 1
0 F
2(x(t), x˙(t))dt ≥ l2α on ΛαM . So a ≥ lα. From (9.7) and
the property of Legendre transform we find that if for some τ ∈ S1, x˙η(τ) /∈ DF√ηTM then
x˙η(t) /∈ DF√ηTM for all t ∈ S1, and in this case, xη is also a critical point of the energy functional
EF (x) =
1
2
∫ 1
0
F 2(x(t), x˙(t))dt ∀ x ∈ ΛαM,
and EF (xη) = L
η
0 (xη) = a
2/2. This contradicts a ∈ (0,+∞) \ Λα. Therefore, xη(t) ∈
DF√ηT
∗M for any t ∈ S1. But in this case,
l2α
2
≤ a
2
2
= L η0 (xη) ≤ L (xη) <
η
2
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which is obviously a contradiction for η sufficiently small. So, for all η, there exists δ such that
on {x ∈ ΛαM | L η0 (x) = a2/2
}
, we have ‖dL η0 ‖ > δ. Moreover, since Λα is a closed and
nowhere dense subset of R, there exist ε and η0 such that for η < η0 there exists δ > 0 such that
‖dL η0 ‖ > δ on {x ∈ ΛαM | a2/2− ε ≤ L η0 (x) ≤ a2/2
}
.
Recall that L0 − η ≤ Lη ≤ L0, and for any η1, η2 ∈ (0, η0] satisfying η1 ≤ η2, we have{
x ∈ ΛαM
∣∣L η10 (x) ≤ a2/2} ⊆ {x ∈ ΛαM ∣∣L η20 (x) ≤ a2/2}.
ThusL η0 converges toL uniformly on⋃
η∈(0,η0]
{x ∈ ΛαM |L η0 (x) ≤ a2/2
}
= {x ∈ ΛαM |L η00 (x) ≤ a2/2
}
.
Therefore,by Lemma 6.1, for any sufficiently small η1 and η2 with 0 ≤ η1 ≤ η2 < η0, the
inclusions {
x ∈ ΛαM
∣∣L η10 (x) ≤ a2/2} ↪→ {x ∈ ΛαM ∣∣L η20 (x) ≤ a2/2}
are homotopy equivalences, and hence
H∗
({
x ∈ ΛαM
∣∣L η10 (x) ≤ a2/2}) = H∗({x ∈ ΛαM ∣∣L η20 (x) ≤ a2/2}).
The proof of the lemma completes.

7. COMPUTING THE BPS CAPACITY
Following closely [40, 8], we will now define certain symplectic capacities. The finiteness of
these capacities in various cases will be shown in this section. For c > 0, denote
Kc := {H ∈ C∞0 (S1 ×DFT ∗M)
∣∣ sup
S1×M
H ≤ −c}.
In the following, we use the conventions inf ∅ =∞ and sup ∅ = −∞.
Definition 7.1. Let α ∈ [S1,M ] be a free homotopy class. For a ∈ R, define the Biran-
Polterovich-Salamon (BPS) capacities of DFT ∗M relative to M as
CBPS(D
FT ∗M,M ;α, a) := inf
{
c > 0
∣∣∀ H ∈ Kc, ∃z ∈Pα(H) such that AH(z) ≥ a},
CBPS(D
FT ∗M,M ;α) := inf
{
c > 0
∣∣∀ H ∈ Kc,Pα(H) 6= ∅}.
Indeed, for general open subsetsW ⊂ T ∗M containingM , one can also define BPS-capacities
CBPS(W,M ;α) of W relative to M . Moreover, the BPS capacity has the following property.
Proposition 7.2 (Monotonicity [8, Proposition 3.3.1]). If W1 ⊂ W2 ⊂ T ∗M are open subsets
containing M and α ∈ [S1,M ], then CBPS(W1,M ;α) ≤ CBPS(W2,M ;α).
Associated to the homomorphism T (a,b);cα given in Proposition 4.5, for c > 0, we set
Θc(D
FT ∗M,M ;α) :=
{
a ∈ R (a > 0 if α = 0) ∣∣T (a,∞);cα 6= 0}.
To compute BPS-capacities, we introduce the homological relative capacity
ĈBPS(D
FT ∗M,M ;α, a) := inf
{
c > 0
∣∣ sup Θc(DFT ∗M,M ;α) > a}
which bounds BPS-capacity CBPS from above ([8, Proposition 4.9.1]).
The main result about calculating the BPS-capacity is as follows.
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Theorem 7.3. Let M be a closed connected Finsler manifold. Then for every non-trivial free
homotopy class α ∈ [S1,M ], and every a ∈ R, the BPS capacities are finite and given by
CBPS(D
FT ∗M,M ;α, a) = max{lα, a}, CBPS(DFT ∗M,M ;α) = lα.
The proof of this theorem follows that of Theorem 3.2.1 and Theorem 3.3.4 in [8] respectively.
The main ingredient in the proof is to use the following Theorem 7.4 to compute ĈBPS(DFT ∗M,M ;α, a).
FIGURE 7.2. Two sequences of functions
Theorem 7.4. Assume that α is a homotopy class of free loops in M . Then it holds that
(i) if a ∈ R \ Λα, we have a natural isomorphism SH←−
(a,+∞)
∗ (DFT ∗M ;α) ∼= H∗(Λa
2/2
α M);
(ii) for a, c > 0, there exists a natural isomorphism
SH−→
(a,+∞);c
∗ (DFT ∗M,M ;α) ∼=
{
H∗(ΛαM) if a ∈ (0, c],
0 if a > c;
(iii) for any a ∈ (0, c] \ Λα, the following diagram commutes:
SH←−
(a,+∞)
∗ (DFT ∗M ;α)
∼= //
T
(a,∞);c
α

H∗(Λ
a2/2
α M)
[Ia2/2]

SH−→
(a,+∞);c
∗ (DFT ∗M,M ;α)
∼= // H∗(ΛαM)
(7.1)
where Ia2/2 denotes the natural inclusion Λ
a2/2
α M ↪→ ΛαM .
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The proof is similar to that of [8] and [40]. We will construct two sequences of profile functions
{fk}k∈N and {hk}k∈N, one of which is upward exhausting and the other one is downward exhaust-
ing. The shape of the graphs of these functions are shown in Figure 7.2. However, there is a main
difference between our profile functions and those used in [40]. Indeed, to apply our Theorem 1.3
to compute the Floer homology groups, we require all these functions to be constant near ρ = 0,
which is dictated by the fact that the HamiltonianHF ∗ = F ∗2/2 is not smooth on T ∗M in general.
Therefore, we use a different construction of the upward exhausting profile functions from [40]
and use some new arguments to prove Theorem 7.4.
The proof of this theorem is postponed to Section 9.4.
8. PROOF OF THE MAIN THEOREM AND ITS APPLICATIONS
8.1. Proofs of the main Theorem 1.1 and Theorem 1.5.
Proof of Theorem 1.1. Consider the Hamiltonian function defined by
H(t, z) := −H(−t, z) ∀ (t, z) ∈ S1 ×DFT ∗M.
Obviously, x(t) is a periodic orbit of H representing −α if and only if x(−t) is a periodic orbit of
H representing α, and it holds that
sup
S1×M
H ≤ −lα.
By Theorem 7.3, we have CBPS(DFT ∗M,M ;α, lα) = lα. This imlies that the set{
c > 0
∣∣For any H ∈ Kc, there exists z ∈Pα(H) such that AH(z) ≥ c}
is nonempty. From [8, Proposition 3.3.4] we know that this set is empty or has a minimum. There-
fore, H has a Hamiltonian periodic orbits whose projection on M belongs to α. This completes
the proof.

Proof of Theorem 1.5. Since ψ(M × {0}) is the graph of an exact one-form on M in DF2T ∗M ,
there is a C∞ function S on M such that
ψ(M × {0}) = graph(dS) =: Σψ.
Note thatDF2T ∗M−Σψ is a fiberwise strictly convex subset of T ∗M containingM×{0}. There
exists a Finsler metric on M , denoted by Fψ, such that the unit open disk bundle DFψT ∗M equals
DF2T ∗M − Σψ. Now we define a vertical diffeomorphism νS associated to the exact 1-form dS
νS : T
∗M → T ∗M, νS(x, p) = (x, p− dS(x)). (8.1)
It follows from the definition that
ν∗Sλ0 − λ0 = pi∗dS.
Denote by α2 and αψ the restriction of the canonical 1-form λ0 to the unit co-sphere bundles
SF2T ∗M and SFψT ∗M respectively. Then (8.1) shows that νS(SF2T ∗M) = SFψT ∗M , and that
the contact forms α2 and αψ satisfy
ν˜∗Sαψ − α2 = ι∗pi∗dS = df, (8.2)
where ν˜S : SF2T ∗M → SFψT ∗M is induced by νS , ι : SF2T ∗M ↪→ T ∗M is the natural
inclusion map, and f := S ◦ pi ◦ ι is a C∞ function on SF2T ∗M . Observe that if γ is any smooth
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curve on a Finsler manifold (M,F ), then we have
lenF (γ) =
∫
`F ◦γ˙
F (q, q˙) dt =
∫
`F ◦γ˙
〈p, q˙〉 dt =
∫
`F ◦γ˙
αF
where `F is the Legendre transform associated to F , and αF is the corresponding contact form
on SFT ∗M . This, together with (8.2), implies that ν˜S maps closed orbits of the geodesic flow
on SF2T ∗M to closed orbits of the geodesic flow on SFψT ∗M with the same length. Therefore,
the length spectra (the set of the lengths of closed geodesics) with respect to F2 and Fψ on M
are the same. Moreover, since νS is isotopic to the identity map by the isotopy t 7→ νtS , we have
lF2α = l
Fψ
α for any nontrivial free homotopy class α ∈ [S1,M ].
On the other hand, since BPS capacities are invariant under symplectomorphisms ψ and νS ,
we have
CBPS(D
F1T ∗M,M ;α) = CBPS(DF2T ∗M,Σψ;ψ∗α) = CBPS(DFψT ∗M,M ; νS∗ψ∗α).
Note that ψ and νS are isotopic to Id, we have νS∗ψ∗α = ψ∗α = α. This, together with Theo-
rem 7.3 and lF2α = l
Fψ
α , shows that lF1α = l
F2
α .

8.2. Recovering the main theorem of [42], proof of Theorem 1.6. This proof is communicated
to us by Irie [19].
Proof of Theorem 1.6. Since supp H is compact and contained in S1 × Tn × int C∗, there exists
a compact strictly convex domain with C∞-boundary which is denoted by K∗ such that
p∗ ∈ int K∗, K∗ ⊆ C∗, supp H ⊆ S1 × Tn × int K∗.
This implies
c ≥ max{〈−α, v〉|v ∈ K∗ − p∗} (8.3)
because α ∈ C, and for every v ∈ K∗ − p, one has v + p∗ ∈ C∗ and
〈−α, v〉 = −〈α, v + p∗〉+ 〈α, p∗〉 ≤ 〈α, p∗〉 ≤ c.
Now let us take a Minkowskian metric F on Rn which induces constant Finsler metric on Tn
(for brevity, we simply denote it by F ) such that for every x ∈ Tn
(DFT ∗Tn)x = x× (K∗ − p∗).
Define the Hamiltonian Hp∗ : S1 × TTn → R as
Hp∗(t, x, p) := H(t, q, p
∗ + p) ∀ t ∈ S1, ∀ x ∈ Tn, ∀ p ∈ T ∗xTn.
Observe that (8.3) shows
c ≥ F (−α) ≥ inf {lenF (γ)∣∣[γ] = −α}.
Then by Theorem 1.1, there exists S1 → T ∗Tn such that z˙(t) = XH(t, z(t)) and [z] = α. Since
the map
TT ∗Tn −→ TT ∗Tn, (x, p) 7→ (x, p+ p∗)
preserves the canonical symplectic form ω0, γ + p∗ is a 1-periodic orbit of XHt representing α.

8.3. Noncompact domains, proof of Theorem 1.8.
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Proof of Theorem 1.8. By our assumption, for every Ki, i = 0, 1, . . . the Finsler metric Fi :
TM → R is given by
Fi(x, v) := sup
p∈Ki∩T ∗xM
〈p, v〉.
Since K0 ⊆ K1 ⊆ K2 ⊆ . . ., it is obvious that F0 ≤ F1 ≤ F2, . . . Let γi ∈ C∞(S1,M) be the
length minimizing Fi-geodesic loop representing α. Denote by DFiT ∗M the unit open Finslerian
disk cotangent bundle. Then we find DFiT ∗M = intKi. Set
liα := lenFi(γi).
By Theorem 7.3 we have
CBPS(D
FiT ∗M,M ;α) = liα.
We claim that the sequence of numbers {liα}∞i=0 are bounded. In fact, by our assumption, we have
`Fi(γ˙i) ⊆ A
where `Fi denotes the Legendre transform associated to Fi (see Definition 3.3). This implies that
for every t ∈ S1,
Fi(γ˙i(t)) = F
∗
i ◦ `Fi(γ˙i(t)) ≤ sup
(x,p)∈A
F ∗i (x, p). (8.4)
Note that A is a compact set in T ∗M , and F ∗0 ≥ F ∗1 ≥ F ∗2 , . . . Thus integrating (8.4) over S1
yields
c := sup
i
liα ≤ sup
(x,p)∈A
F ∗0 (x, p) <∞.
Since the Hamiltonian H ∈ C∞0 (S1 × T ∗M) is compactly supported in K = limiKi, for i large
enough, we have supp H ⊂ S1 × intKi = S1 × DFiT ∗M . If mint,qH(t, q, 0) ≥ c, then the
finiteness of the BPS capacity CBPS(DFiT ∗M,M ;α) shows that there there is a 1-periodic orbit
that represents −α.

8.4. Lorentzian Hamiltonian, proof of Theorem 1.9. To prove this theorem, we first formulate
the following result.
Proposition 8.1. Let H : S1 × T ∗Tn → R be a C∞ Hamiltonian compactly supported in the
interior of C∗. Given p∗ ∈ C∗, α ∈ C ∩H1(Tn,Z) and c > 0 satisfying
c ≥ 〈p∗, α〉,
we assume
min
q,t
H(t, q, p∗) ≥ c.
Then H admits a 1-periodic orbit in the homology class α.
This proposition is proved in the same way as the above Theorem 1.6, so we skip the proof.
Proof of Theorem 1.9. We introduce a nondecreasing function φ : R → R+ such that φ(x) = 0
for x ≤ 0 and φ(x) = 1 for x ≥ 1, and a function ϕ : R+ → [0, 1] which is nonincreasing
and satisfies ϕ(x) = 1 for x ∈ [0, 0.9] and ϕ(x) = 0 for x ≥ 1. We next introduce an auxiliary
Hamiltonian for any given 0 < a < b
G(q, p) =
{
cφ(H(q,p)b−a )ϕ(
‖p‖
R ), p ∈ C,
0, p /∈ C∗,
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where c and R are to be determined later. We fix choose p∗ ∈ C∗ such that minqH(q, p∗) > b.
For a given homology class α ∈ C, we choose c ≥ 〈p∗, α〉. Finally, we choose R  ‖p∗‖ to be
further determined later.
Since we have normalized maxV = 0, we get that {H > a} ⊂ Tn × C∗, hence supp G ⊂ C∗
and G ∈ C∞. Applying Proposition 8.1, we get that G admits a periodic orbit in the homology
class α. We assume for a moment that the periodic orbit is not created by ϕ, i.e. the periodic
orbit does not intersect suppϕ′(‖p‖R )
p
R‖p‖ . So the periodic orbit is also a periodic orbit of the
Hamiltonian cφ(H(q,p)b−a ). Then by the energy conservation and the injectivity of φ, we get that the
periodic orbit is a periodic orbit of H on some energy level in (a, b).
It remains to prove that the periodic orbit is not created by ϕ. Suppose there exists such a
1-periodic orbit γ. We write down the Hamiltonian equation
q˙ =
c
b− aφ
′
(
H(q, p)
b− a
)
ϕ
(‖p‖
R
)
∂H
∂p
+ cφ
(
H(q, p)
b− a
)
ϕ′
(‖p‖
R
)
p
R‖p‖
p˙ = − c
b− aφ
′
(
H(q, p)
b− a
)
ϕ
(‖p‖
R
)
∂V
∂q
.
We consider two cases depending on whether γ intersects the region
D := C∗ ∩ {p21 − (p22 + . . .+ p2n) ≤ −minV + b}
or not.
Case 1, suppose that γ ∩D = ∅. This implies H > b hence φ′(H(q,p)b−a ) = 0. We get that
‖q˙‖ =
∥∥∥∥cφϕ′ pR‖p‖
∥∥∥∥ ≤ cR |ϕ′|, p˙ = 0.
For large R, the 1-periodic orbit γ cannot have homology class α 6= 0.
We remark that in this case, once γ(t) ∩ D = ∅ for some t ∈ S1, due to the openness of D
and the fact p˙ = 0, we get that γ(t) ∩D = ∅ for all t ∈ S1. This implies that if γ ∩D 6= ∅, then
γ ⊂ D.
Case 2, suppose γ ⊂ D. Since we have assumed that γ ∩ suppϕ′(‖p‖R ) 6= ∅, we get that for
0.9R ≤ ‖p(t∗)‖ ≤ R some t∗ ∈ S1. Applying the Hamiltonian equation again we have{
q˙ = cφ
′ϕ
b−a (p1,−q2, . . . ,−qn) +O(1/R)
p˙ = cφ
′ϕ
b−aO(1)
.
as R → ∞. Since p˙ is uniformly bounded, within time 1, we have 0.8R ≤ ‖p‖ ≤ 1.1R along
the periodic orbit γ. Since we also know γ ⊂ D, denoting r(p) =
√
p22 + . . .+ p
2
n, we get that
|p1 − r(p)| < CR and |p1 + r(p)| ≥ R/C for some constant C independent of R. For a fixed
homology class α ∈ C, we have α21 − r(α)2 > 0. hence 0 < 1Cα < |α1 ± r(α)| ≤ Cα for
some constant Cα. Choosing R large such that C/R  1/Cα < Cα  R/C, we see that the 1-
periodic orbit γ cannot have homology class α. Indeed, since we have |p1+r(p)| ≥ R/C, to attain
homology class |α1 + r(α)| ≤ Cα, we must have φ′ϕ = O(1/R), hence p˙ = O(1/R). Combined
with |p1 − r(p)| < CR , this will imply that |α1 − r(α)| < C ′/R contradicting 1Cα < |α1 − r(α)|.

8.5. Kawasaki’s conjecture, proof of Theorem 1.11.
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Proof of Theorem 1.11. We take a sequence of Finsler metrics {Fn} to approximate the degenerate
Finsler metric F (q, p) =
∑n
i=1Ri|pi| : T ∗Tn → R in the C0 norm (we say that it is degenerate
since the disk unit tangent bundle is not strictly convex). After Legendre transform, the disk unit
cotangent bundles associated to Fn approximate in the C0 norm the following set
DFT ∗Tn = Tn ×
{
max
i
1
Ri
|pi| ≤ 1
}
= Tn ×
( n∏
i=1
[−Ri, Ri]
)
.
We next pick a closed geodesic γ0 on Tn in the homology class −α in the Euclidean metric. The
length of the geodesic in the metric F is lenF (γ0) =
∑
iRi|αi|. Then, for any ε > 0, there exists
N such that for all n > N , it holds that lenFn(γ0) ≤
∑
iRi|αi|+ ε. So we get for all n > N∑
i
Ri|αi|+ ε ≥ inf{lenFn(γ) : [γ] = α}.
For any Hamiltonian H compactly supported in the interior of DFT ∗Tn, there exists N ′ such that
for all n > N ′ we have that H is also compactly supported in the interior of DFnT ∗Tn. Then the
theorem follows directly from the main theorem. 
8.6. Symplectic nonsqueezing, proof of Theorem 1.12 and 1.13.
Proof of Theorem 1.12. If s ≤ r, the inclusion P 2n(s) → Y 2n(r) is a symplectic embedding.
Conversely, suppose that there exists a symplectic embedding φ : P 2n(s) → Y 2n(r). For suffi-
ciently small  > 0, let p∗ ∈ ∆n(s) so that |p∗| < . By our assumption, the image φ(Tn × {p∗})
is a smooth section in T ∗Tn, equivalently,
Σp∗ := φ(Tn × {p∗}) = {(x, σ(x))|x ∈ Tn}
where a C∞ closed 1-form σ on Tn (since φ(Tn × {p∗}) is a Lagrangian submanifold in T ∗Tn).
Obviously, Σp∗ ⊆ Y 2n(r). Now we choose a strictly convex (closed) subset K ⊆ ∆n with C∞-
boundary sufficiently close to ∂∆n such that p∗ ∈ intK. Since φ is an embedding from P 2n(s)
into Y 2n(r), φ(Tn×K) is a compact set in Y 2n(r) containing Σp∗ . Hence, one can find a strictly
fiberwise convex compact subset T ⊆ Y 2n(r) such that φ(Tn ×K) ⊂ T . Let FK and FT be the
Finsler metrics on T ∗Tn associated to Tn × (K − p∗) and T − Σp∗ respectively, namely,
FK(x, v) := sup
p∈(K−p∗)
〈p, v〉,
FT (x, v) := sup
p∈(T−Σp∗ )∩T ∗xTn
〈p, v〉.
It is obvious from the above definitions that DFKT ∗Tn = Tn × (K − p∗) and DFT T ∗Tn =
T − Σp∗ . Observe that for any closed 1-form σ on Tn, the map
τσ : TT
∗Tn −→ TT ∗Tn, (x, p) 7→ (x, p− σ(x))
preserves the canonical symplectic form ω0. The map
Φ : Tn × (K − p∗) −→ T − Σp∗ , Φ = τσ ◦ φ ◦ τ−p∗
is a symplectic embedding satisfying Φ(Tn × {0}) = Tn × {0}. Since the BPS-capacity is
invariant under symplectic diffeomorphism, Proposition 7.2 shows that for every non-trivial α ∈
[S1,Tn] ∼= Zn,
CBPS(D
FKT ∗Tn,Tn;α) = CBPS(Φ(DFKT ∗Tn),Φ(Tn);α) ≤ CBPS(DFT T ∗Tn,Tn;α) (8.5)
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Set e1 := (1, 0, . . . , 0) ∈ Zn and let γ(t) = [e1t] be a closed curve in Tn = Rn/Zn representing
e1. To calculate the length of γ with respect to the Finsler metrics FK and FT respectively, we
find
FK(x, e1) = sup
p∈(K−p∗)
〈p, e1〉 = sup
p∈K
〈p, e1〉 − 〈p∗, e1〉 ≥ s− 2,
FT (x, e1) = sup
p∈(T−Σp∗ )∩T ∗xTn
〈p, e1〉 ≤ r.
So we have lenFK (γ) ≥ s− 2 and lenFT (γ) ≤ r. Note that FK is invariant under translations
τa : Tn −→ Tn, τa(y) = y + a,
γ(t) is the length minimizing closed FK-geodesics in class e1. Theorem 7.3, together with (8.5),
implies
s− 2 ≤ lenFK (γ) = lFKe1 ≤ lFTe1 ≤ lenFT (γ) ≤ r.
Since  is arbitrary, the proof of the theorem completes.

The proof of Theorem 1.13 is essentially analogous to that of Theorem 1.12.
Proof of Theorem 1.13. It is obvious that for s ≤ r the inclusion Tn × Bn(s) → Tn × Zn(r)
is a symplectic embedding. Conversely, if there is a symplectic embedding φ : Tn × Bn(s) →
Tn×Zn(r). By the assumption, every image φ(Tn×{ui}) is a smooth section in T ∗Tn, meaning
that
Σi := φ(Tn × {ui}) = {(x, σi(x))|x ∈ Tn}
with closed 1-forms σi ∈ Ω1(Tn). One can choose strictly convex compact subsets Ki ⊆ Bn(s)
containing ui with C∞ boundaries approximating ∂Bn(s) and fibewise strictly convex compact
subsets Ti ⊆ Tn × Zn(r) containing φ(Tn × Ki)(⊇ Σi). Pick the homotopy class −e1 =
(−1, 0 . . . , 0) ∈ Zn. Then γ(t) = [−e1t] is a closed curve in Tn = Rn/Zn representing −e1. Let
FKi and FTi be the Finsler metrics on T
∗Tn associated to Tn×(Ki−ui) and Ti−Σi respectively.
Finally, arguing as in the proof of Theorem 1.12 by making use of the monotonicity property of
BPS-capacity and the fact that |ui − (s, 0 . . . , 0)| is sufficiently small for large i > N leads to
s ≤ r.

8.7. Symplectic squeezing, proof of Theorem 1.14.
Proof of Theorem 1.14. Let U be an open convex set in Rn, not necessarily strictly convex or
compact, and {Ui} be a sequence of strictly convex sets with C∞ boundaries and satisfying Ui ⊂
Ui+1 and limUi = U . Let Fi be the sequence of Finsler metrics associated to Ui via Fi(q, q˙) =
supp∈Ui〈p, q˙〉 for any (q, q˙) ∈ T ∗Tn.
For each H compactly supported in Tn × U , we have that there exists some I such that
supp(H) ⊂ Tn × Ui for all i > I . This shows that CBPS(Tn × U,Tn, α) = limCBPS(Tn ×
Ui,Tn, α).
Suppose now v is proportional to an integer vector α.
We define Ui to be a sequence of ellipsoids centered at the origin with minor axis being the
vector rv so that they are all tangent to Y 2n(r, v) at the two points ±rv.
A closed geodesic with homology class α has constant velocity q˙ = α. For each i, the sup r|α|
in the definition of Fi is always attained at the point rv or−rv. In fact, for all p on one boundary of
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Y 2n(r, v), the inner product 〈p, q˙〉 is constant ±r|α|. So in this case, CBPS(Y 2n(r, v),Tn,±α) =
r|α|.
Suppose v is not proportional to an integer vector. In this case, for any α ∈ H1(Tn,Z) \ {0},
we have that α is not perpendicular to v⊥. So we can find p on the boundary of Y 2n(r, v) such that
〈α, p〉 is as large as we wish. For any N > 0, we can find i and pi ∈ ∂Ui such that 〈α, pi〉 > N .
This shows that CBPS(Y 2n(r, v),Tn,±α) =∞.

9. PROOF OF THE MAIN TECHNICAL RESULTS
9.1. Convexity results, proof of Lemma 2.2.
Proof of Lemma 2.2. Consider the function r : R× S1 → R defined by
r(s, t) := ρ(u(s, t)).
Arguing by contradiction, we assume the open subset of R× S1
Σ := r−1((ρ1,∞)) = u−1((ρ1,∞)× ∂X)
is not empty. By our assumption, Σ is bounded, so r achieves its maximum on Σ, and
r0 = max
(s,t)∈Σ
r(s, t) > ρ1. (9.1)
It is easy to verify that
XHs,t =
∂Hs,t
∂ρ
R on [ρ0,∞)× ∂X.
Then, by (2.1) and our assumptions concerning Hs,t and Js,t,
∂r
∂s
= dρ(∂su)
= dρ ◦ Js,t(u)(−∂tu+XHs,t(u))
= λ̂(−∂tu+ ∂ρHs,t(u)R)
= −λ̂(∂tu) + µf(s)rµ(s, r). (9.2)
Similarly,
∂r
∂t
= dρ(∂tu) = dρ ◦ Js,t(∂su− Js,tXHs,t) = λ̂(∂su− ∂ρHs,t(u)Z(u)) = λ̂(∂su). (9.3)
Write (9.2) and (9.3) in a less coordinate-bound way as
dcr =
∂r
∂t
ds− ∂r
∂s
dt = u∗λ̂− µf(s)rµdt. (9.4)
Note that ddcr = −4rds ∧ dt and
|∂su|2Js,t = dλ̂(Js,t∂su, ∂su) = dλ̂(∂tu−XHs,t(u), ∂su) = −dλ̂(∂su, ∂tu) + dHs,t(∂su).
Then by differentiating (9.4) we arrive at
4r − µ(µ− 1)f(s)rµ−1∂sr(s, t) = |∂su|2Js,t + µf ′(s)rµ. (9.5)
Keeping in mind that r > 0 on Σ by definition, the left hand side of (9.5) is nonnegative by our
assumptions, then the maximum principle implies that r achieves its maximum on the boundary
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∂Σ of Σ. But r|∂Σ = ρ1, this contradicts with (9.1). So Σ must be empty. This completes the
proof of Lemma 2.2. 
9.2. The radial Hamiltonian and its action, proof of Lemma 3.4.
Proof of Lemma 3.4. For each (x, y) ∈ T ∗M \ {0}, locally, we write
F ∗2(x, y) = gij(x, y)yiyj .
Then,
dH(x, y) = h′(F ∗2(x, y))
[
∂gij
∂xk
yiyjdx
k +
∂gij
∂yl
yiyjdy
l + 2gijyidyj
]
Using −dH = ω0(XH , ·), we get
XH = h
′(F ∗2(x, y))
[
− ∂g
ij
∂xk
yiyj
∂
∂yk
+
(
∂gij
∂yl
yiyj + 2g
ilyi
)
∂
∂xl
]
which gives the Hamiltonian equation{
x˙l = h
′(F ∗2(x, y))
(∂gij
∂yl
yiyj + 2g
ilyi
)
= 2h′(F ∗2(x, y))gilyi,
y˙k = −h′(F ∗2(x, y))∂g
ij
∂xk
yiyj
(9.6)
Here we have use the homogeneity property of the Finsler metric F :
∂gij
∂yl
yi =
∂3(F 2)
2∂yi∂yj∂yl
yi = 0
For a solution z(t) of the Hamiltonian equation (9.6) sitting in T ∗M \ {0}, we compute
d
dt
[
F ∗2(x(t), y(t))
]
=
∂gij
∂xk
x˙kyiyj +
∂gij
∂yl
y˙lyiyj + 2g
ij(x, y)y˙iyj
=
∂gij
∂xk
h′(F ∗2(x, y))2glkylyiyj − 2gij(x, y)h′(F ∗2(x, y))∂g
kl
∂xi
ykylyj
= 0 (9.7)
which implies
F ∗2(x(t), y(t)) ≡ constant ∀ t ∈ R.
Denote C = h′(F ∗2(x(t), y(t))). The Legendre transform,
τx : T
∗
xM → TxM (x, y) 7→ (x, v),
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where v =
∑
vi ∂∂xi and v
l =
∑
gilyi, implies
v˙l =
∂gil
∂xk
x˙kyi +
∂gil
∂yk
y˙kyi + g
il(x, y)y˙i
=
∂gil
∂xk
x˙kyi + g
il(x, y)y˙i
=
∂gil
∂xk
2Cgjkyjyi − Cgil(x, y)gil ∂g
jk
∂xi
yjyk
=
∂gil
∂xk
2Cvkgitv
t − Cgil(x, y)gil ∂g
jk
∂xi
yjyk
= −2Cgil ∂git
∂xk
vkvt + Cgil
∂gjt
∂xi
gjkgksv
s
= −Cgil
(
2
∂git
∂xk
− ∂gkt
∂xi
)
vkvt. (9.8)
Hence,
∇Fx˙ v =
[
v˙l(t) + vj(t)x˙k(t)Γ
l
jk(x(t), v(t))
] ∂
∂xi
∣∣∣∣
x(t)
=
[− Cgil(2∂git
∂xk
− ∂gkt
∂xi
)
vkvt + vj(t)2Cvk(t)Γljk(x(t), v(t))
] ∂
∂xi
∣∣∣∣
x(t)
.
Here
Γijk = γ
i
jk −
gil
F
(
AljsN
s
k −AjksN si +AklsN sj
)
are the components of the Chern connection with the Christoffel symbols
γljk :=
1
2
gls
(
∂gsj
∂xk
− ∂gjk
∂xk
+
∂gks
∂xj
)
,
the Cartan tensor
Aijk(x, y) :=
F
2
∂gij
∂yk
=
F
4
∂3(F 2)
∂yi∂yj∂yk
and the coefficients of the nonlinear connection on TM \ {0}
N ij(x, y) := γ
i
jkyk −
1
F
Aijkγ
k
rsyrys
Using the homogeneity property of Finsler metric again, we have
Γijk(x, v)v
jvk =
1
2
gls
(
2
∂gsj
∂xk
− ∂gjk
∂xs
)
vjvk
Therefore,
∇Fx˙ v = 0.
So, under the Legendre transform ` : T ∗M → TM induced by the Finsler metric, the Hamiltonian
equation associated to H can be written as{
x˙ = 2Cv,
∇Fx˙ v = 0
(9.9)
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Then
∇Fx˙ x˙ = 2C∇Fx˙ v = 0
which means that x(t) is a Finsler geodesic loop on M . By (9.9), we have
F 2(x(t), x˙(t)) = gij x˙ix˙j
= 4C2gijv
ivj
= 4C2gijg
ikykg
jlyl
= 4C2F ∗2(x(t), y(t))
= 4h′(F ∗2(x(t), y(t)))2F ∗2(x(t), y(t))
=
(
f ′(F ∗(x(t), y(t)))
)2 (9.10)
which implies that the Finsler length of the geodesic loop x(t) equals to±f ′(rz) for some constant
rz = F
∗(x(t), y(t)) ≥ 0. Then
rz`(x˙) = 2rzC`(v) = 2rzCy = 2rzh
′(r2z)y = f
′(rz)y.
Moreover, the action of AH at z(t) can be computed as follow:
AH(z(t)) =
∫
S1
〈yi(t), x˙i(t)〉 −
∫
S1
h(F ∗2(x, y))
=
∫
S1
2Cgilylyi −
∫
S1
h(F ∗2(x, y))
= 2h′(F ∗2(z(t)))F ∗2(z(t))− h(F ∗2(z(t)))
= f ′(F ∗(z(t)))F ∗(z(t))− f(F ∗(z(t))). (9.11)
Conversely, if x is aF -geodesic loop satisfying (3.2), it is easy to verify that the loop z = (x, y)
is a critical point of the action functional AH , we omit it here. 
9.3. Quadratic modifications, proof of Lemma 5.3.
Proof of Lemma 5.3. Set
a0 := inf
x∈M,|v|x=1
inf
u6=0
gF (x, v)[u, u]
gx(u, u)
and a1 := sup
x∈M,|v|x=1
sup
u6=0
gF (x, v)[u, u]
gx(u, u)
.
Due to the compactness of M , we have 0 < a0 ≤ a1. Since gF is positively homogeneous of
degree 0, it holds that for any (x, v) ∈ TM \ {0} and (x, u) ∈ TM ,
a0gx(u, u) ≤ gF (x, v)[u, u] ≤ a1gx(u, u).
By rescaling the metric g (for instance, by choosing g˜ := a0g), we may assume that
gx(u, u) ≤ gF (x, v)[u, u] ≤ Agx(u, u) ∀ (x, v) ∈ TM \ {0}, ∀ (x, u) ∈ TM (9.12)
for some constant A > 1. In particular, we have
|v|2x ≤ L0(x, v) ≤ A|v|2x ∀ (x, v) ∈ TM. (9.13)
In order to construct convex quadratic Lagrangians, we follow closely the line of [25, Sec-
tion 2] by modifying L0 near the zero section of TM . In the following we first construct two
auxiliary functions, see Figure 9.3.
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Choose positive parameters 0 <  < δ < ηA . Let λ
µ
,δ : (0,∞)→ R be a smooth function such
that λµ,δ(s) = 0 for s ∈ [0, ), λµ,δ(s) = µs+ σ for s ∈ (δ,∞), λµ,δ is convex and (λµ,δ)′(s) > 0
on (,∞), where µ > 0 and σ < 0 are suitable constants. Let χκδ,ρ be another smooth function
such that χκδ,ρ(s) = κ(s− δ) for s ∈ [0, δ], χκδ,ρ(s) = ρ for s ∈ [η/A,∞), and χκδ,ρ is concave and
nondecreasing, here κ > 0 and ρ > 0 are suitable constants.
FIGURE 9.3. The auxiliary functions
Define the new Lagrangians Lη by
Lη(x, v) :=
1
µ
{
λµ,δ(L0(x, v)) + χ
κ
δ,ρ(|v|2x)− σ − ρ
}
.
We check properties (a) and (b) in two steps.
(i) Obviously, for every η > 0, Lη is smooth on the whole TM . Suppose that µ ≥ κ and κ is
sufficiently large such that
δκ+ σ + ρ > 0 and κ(δ − ) + σ > 0. (9.14)
If 0 ≤ L0(x, v) ≤  (hence |v|2x ≤  by (9.13)), by the first inequality in (9.14),
Lη(x, v) =
1
µ
{
κ(|v|2x − δ)− σ − ρ
}
=
κ
µ
|v|2x −
κδ + σ + ρ
µ
≤ L0(x, v). (9.15)
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If  ≤ L0(x, v) ≤ δ, observe that λµ,δ(s) ≤ µδ+σδ− (s− ) for every s ∈ (, δ), we have
Lη(x, v) ≤ 1
µ
{
µδ + σ
δ −  (L0(x, v)− ) + κ(|v|
2
x − δ)− σ − ρ
}
≤ 1
µ
{
µδ + σ
δ −  (L0(x, v)− ) + κ(L0(x, v)− δ)− σ − ρ
}
≤ 1
µ
{(
µδ + σ
δ −  + κ
)
L0(x, v)− µδ + σ
δ −  − κδ − σ − ρ
}
. (9.16)
Then
Lη(x, v)− L0 ≤ 1
µ
{(
µ+ σ
δ −  + κ
)
L0(x, v)− µδ + σ
δ −  − κδ − σ − ρ
}
(9.17)
By the second inequality in (9.14),
µ+ σ
δ −  + κ >
µ
δ −  > 0.
So, by (9.16), when  ≤ L0(x, v) ≤ δ,
Lη(x, v)− L0 ≤ 1
µ
{(
µ+ σ
δ −  + κ
)
δ − µδ + σ
δ −  − κδ − σ − ρ
}
= −ρ
µ
< 0. (9.18)
Therefore, if  ≤ L0(x, v) ≤ δ, Lη(x, v) ≤ L0.
If L0(x, v) ≥ δ,
Lη(x, v) =
1
µ
{
µL0(x, v) + σ + χ
κ
δ,ρ(|v|2x)− σ − ρ
} ≤ L0(x, v), (9.19)
and in this case, if L0(x, v) ≥ η (thus |v|2x > η/A by (9.13)), we have
Lη(x, v) = L0(x, v). (9.20)
(ii) By our assumption, λµ,δ is convex, so for any s ∈ [0,∞) we have
λµ,δ(s) ≥
dλµ,δ
ds
∣∣∣∣
s=δ
(s− δ) + λµ,δ(δ)
= µ(s− δ) + µδ + σ = µs+ σ. (9.21)
χκδ,ρ(s) ≥ χκδ,ρ(0) = −κδ because χκδ,ρ is nondecreasing on [0,∞). Combing this with (9.21)
shows
Lη ≥ 1
µ
{
µL0 + σ − κδ − σ − ρ
}
= L0 − κδ + ρ
µ
.
Since 0 < δ < η and 0 < κ ≤ µ by our assumption, taking µ > 0 sufficiently large yields
Lη(x, v) ≥ L0 − η.
To complete the proof, it suffices to prove that Lη is fiberwise convex and quadratic at infinity.
Due to the compactness of M and L0(x, v) = gF (x, v)[v, v] for any (x, v) ∈ TM \ {0}, the
condition (L2) holds obviously. To show (L1), for every v ∈ TM \ {0} and u ∈ TxM we
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compute
∂vvLη(x, v)[u, u] =
∂2
∂s∂t
Lη(x, v + su+ tu)
∣∣∣∣
s=t=0
=
1
µ
{
(λµ,δ)
′′(L0(x, v))
(
∂vL0(x, v)[u]
)2
+ 4(χκδ,ρ)
′′(|v|2x)gx(v, u)2
+(λµ,δ)
′(L0(x, v))∂vvL0(x, v)[u, u] + 2(χκδ,ρ)
′(|v|2x)|u|2x
}
. (9.22)
We prove (L1) in two cases.
Case 1. If L0(x, v) < δ, |v|x < δ by (9.13), and thus
∂vvLη(x, v)[u, u] ≥ 2κ
µ
|u|2x. (9.23)
Here we have use the properties that λµ,δ is convex, (λ
µ
,δ)
′ ≥ 0 and (χκδ,ρ)′′ = 0 on [0, δ), and the
fact that gF = 12∂vvL0 is positive definite.
Case 2. If L0(x, v) ≥ δ, |v|2x ≥ δ/A by (9.13). λµ,δ equals to the affine function µs + σ and χκδ,ρ
is non-decreasing on [0,∞), thus
∂vvLη(x, v)[u, u] = µ∂vvL0(x, v)[u, u] + 4(χ
κ
δ,ρ)
′′(|v|2x)gx(v, u)2 + 2(χκδ,ρ)′(|v|2x)|u|2x
≥ µ∂vvL0(x, v)[u, u] + 4(χκδ,ρ)′′(|v|2x)|v|2x|u|2x
≥ µ|u|2x +
4δ
A
(χκδ,ρ)
′′(|v|2x)|u|2x. (9.24)
Since (χκδ,ρ)
′′(s) = 0 for s ∈ [η/A,∞), and (χκδ,ρ)′′(|v|2x) is bounded for |v|2x ∈ [δ/A, η/A], we
may choose µ so large that
µ+
4δ
A
(χκδ,ρ)
′′(|v|2x) > 0.
This and (9.24) imply that Lη satisfy (L1) for L0(x, v) ≥ δ.

42 WENMIN GONG AND JINXIN XUE
FIGURE 9.4. The monotone homotopy between hk and h˜k
9.4. Construction of the profile functions, proof of Theorem 7.4.
Proof of Theorem 7.4. We prove Theorem 7.4 in three steps.
Step 1. The idea of proving (i) is to construct a downward exhausting sequence of profile func-
tions {hk}k∈N and use Proposition 4.5 to compute symplectic homology.
Fix a ∈ R \Λα. The functions hk : [0,∞)→ +∞ are smooth functions such that hk|[0,ρk1] =
hk(0) and hk|[1,+∞) = 0 with hk(0) → −∞ and ρk1 → 1 as k → ∞. Moreover, the derivatives
are required to satisfy h′k ≥ 0 everywhere, h′′k ≥ 0 near ρk1, h′′k ≤ 0 near ρk2 and h′′k = 0
elsewhere, see Figure 9.4.
We prove that for each k ∈ N, there is a natural isomorphism
Ψahk : HF
(a,+∞)
∗ (hk ◦ F ∗;α) −→ H∗(Λa2/2α M). (9.25)
We first consider a monotone homotopy, indicated in Figure 9.4, from hk◦F ∗ to h˜k◦F ∗, where h˜k
is obtained by making the graph of hk linear with slope a near ρk2. By Lemma 3.4, no Hamiltonian
1-periodic orbit with action in the action window [a,∞) appears during the homotopy, this gives
the isomorphism
σh˜khk : HF
(a,+∞)
∗ (hk ◦ F ∗;α)→ HF(a,+∞)∗ (h˜k ◦ F ∗;α). (9.26)
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FIGURE 9.5. The monotone homotopy between h˜k and h
(a)
k
Next, we consider another monotone homotopy from h(a)k ◦ F ∗ to h˜k ◦ F ∗ as shown in Fig-
ure 9.5. Here h(a)k is obtained by making the graph of hk linear with slope a near ρk1. This
homotopy induces the monotone homomorphism
σ
h˜kh
(a)
k
: HF
(a,+∞)
∗ (h
(a)
k ◦ F ∗;α) −→ HF(a,+∞)∗ (h˜k ◦ F ∗;α), (9.27)
which is actually an isomorphism because no Hamiltonian 1-periodic orbit has action a during the
homotopy. Observe that the minimal action of the Hamiltonian 1-periodic orbit of h(a)k ◦ F ∗ is
larger than a, and the maximal action of the Hamiltonian 1-periodic orbit of h(a)k ◦ F ∗ is less than
Chk,a := ch(a)k ,a
(here cf,λ is defined as in Theorem 1.3). So we obtain the following isomorphisms
HF
(a,+∞)
∗ (h
(a)
k ◦ F ∗;α)
∼=−−−−→
[jF ]−1
HF
(−∞,+∞)
∗ (h
(a)
k ◦ F ∗;α)
∼=−−−−→
[iF ]−1
HF
(−∞,Chk,a)∗ (h
(a)
k ◦ F ∗;α).
(9.28)
For a /∈ Λα, Theorem 1.3 yields the isomorphism
Ψa
h
(a)
k
: HF
(−∞,Chk,a)∗ (h
(a)
k ◦ F ∗;α)→ H∗(Λa
2/2
α M). (9.29)
By (9.26) – (9.29), we arrive at the isomorphism (9.25).
To conclude the proof of (i) in Theorem 7.4, we check that the sequence {hk ◦ F ∗}k∈N is
downward exhausting for the inverse limiting defining symplectic homology. Firstly, for any H ∈
H a,+∞α , by choosing k ∈ R sufficiently large, one has H(t, z) ≥ hk ◦ F ∗(z) for all (t, z) ∈
S1 ×DFT ∗M . Secondly, for every k ∈ R, the monotone homomorphism
σhkhk+1 : HF
(a,+∞)
∗ (hk+1 ◦ F ∗;α)→ HF(a,+∞)∗ (hk ◦ F ∗;α) (9.30)
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induced by a monotone homotopy between hk+1 ◦ F ∗ and hk ◦ F ∗ is an isomorphism, since
no Hamiltonian 1-periodic orbit has action a during the homotopy, for more details about this fact
see [40, Section 3.2]. Taking the inverse limit in (9.25), by Lemma 4.4, we obtain the isomorphism
SH←−
(a,+∞)
∗ (DFT ∗M ;α) ∼= H∗(Λa
2/2
α M).
Step 2. To prove (ii), we construct an upward exhausting sequence of functions {fk}k∈N to
compute relative symplectic homology. Here let us emphasize that the functions fk are required
to be constant near ρ = 0, and thus are different from those functions hδ constructed in [40]. So
we need to define fk and compute the filtered Floer homology of fk ◦ F ∗ carefully. Fix a, c > 0.
Now we discuss in two cases.
FIGURE 9.6. The function fk for a > c > 0
Case 1. If a > c > 0, we show
SH−→
(a,+∞);c
∗ (DFT ∗M,M ;α) = 0.
Let {mk}k∈N be a monotone decreasing sequence of numbers such that c < mk < a+c2 and
mk → c as k →∞. Let {δk}k∈N be another monotone decreasing sequence of numbers such that
0 < δk < 1/4 and δk → 0 as k →∞. For every k ∈ N, set
νk :=
a− c
2δk
, Sk := max
{
a−mk
2
√
δk
−mk, 0
}
.
Here we require in addition that the sequence {Sk}k∈N is increasing and tends to∞ as k → ∞,
which is possible by choosing a rapidly decreasing sequence {δk}k∈N.
Next, we consider the piecewise linear curve in R2 obtained by beginning with a line segment
with the starting point (0,−mk). Upon reaching the point (δk,−mk), follow the line with slope
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νk until meeting the horizontal line through (0, Sk), then follow this horizontal line to the right
until it has a point of intersection with the vertical line through (1, 0), then go straight down to the
point (1, 0), finally follow the horizontal coordinate axis to +∞. Smooth out this piecewise linear
curve near its corners so that it becomes the graph of a smooth function fk, see Figure 9.6.
We claim that
HF
(a,+∞)
∗ (fk ◦ F ∗;α) = 0. (9.31)
In fact, since fk ◦ F ∗ is a radial function with respect to ρ, and all tangents to the graph of fk
intersects the vertical coordinate axis strictly above −a, the action of 1-periodic orbits is strictly
less than a. By (9.31), the monotone homomorphism
σfk+1fk : HF
(a,+∞)
∗ (fk ◦ F ∗;α) −→ HF(a,+∞)∗ (fk+1 ◦ F ∗;α).
is obviously an isomorphism for every k ∈ N. To show that {fk ◦ F ∗} is an upward exhausting
sequence in H a,b;cα , it suffices to check that for any H ∈ H a,b;cα , there exists fk such that fk ◦
F ∗(z) ≥ H(t, z) for all (t, z) ∈ S1 × T ∗M . But this is clearly true by our construction. This,
combining with (9.31), completes the proof of Case 1.
FIGURE 9.7. The function fk for c ≥ a
Case 2. If c ≥ a > 0, we show
SH−→
(a,+∞)
∗ (DFT ∗M ;α) ∼= H∗(ΛαM). (9.32)
In the similar fashion to the proof of case 1, we construct an upward directed sequence to compute
the relative symplectic homology. Let {δk}k∈N be a decreasing sequence of numbers such that
0 < δk < a/c,
µk :=
a
δk
− c /∈ Λα for all k ∈ N
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and δk → 0 as k →∞. Set
µ+k := inf
(
(µk,∞) ∩ Λα
)
µ−k := sup
(
(0, µk) ∩ Λα
)
, µ′k :=
µ−k + µk
2
.
Let Tk := min{µ′k − a, 0} for every k ∈ N, and {mk}k∈N be a decreasing sequence of numbers
such that mk > c and mk → c as k → ∞. In the case of c ≥ a, the shape of these functions fk
are similar to those in case 1. Namely, fk are obtained by smoothing out a piecewise linear curve
in R2. The difference here is to replace Sk and νk by Tk and a/δk respectively, see Figure 9.7.
Now we prove that there is a natural isomorphism
Ψµkfk : HF
(a,+∞)
∗ (fk ◦ F ∗;α) −→ H∗(Λµ
2
k/2
α M). (9.33)
FIGURE 9.8. The function fk for c ≥ a
To prove (9.33), we initially deform fk by the monotone homotopy as showed in Figure 9.8
to a smooth function f˜k, which is obtained by following the graph of fk until its first right turn.
Then keep going linearly with constant slope a/δk. Upon meeting the line µkρ− a, turn right and
follow that line closely and linearly as shown in Figure 9.8. Note that all points on the graph of the
function during the homotopy, at which tangential lines pass through the point (0,−a), lie strictly
between the lines µkρ− a and µ′kρ− a. Since (µ−k , µ+k ) ∩ Λα = ∅, there are no 1-periodic orbits
of action a during the monotone homotopy, and therefore, we obtain the monotone isomorphism
σf˜kfk : HF
(a,+∞)
∗ (fk ◦ F ∗;α) −→ HF(a,+∞)∗ (f˜k ◦ F ∗;α). (9.34)
NONCONTRACTIBLE PERIODIC ORBITS, FINSLER DISK COTANGENT BUNDLE 47
FIGURE 9.9. The function fk for c ≥ a
Next, we deform f˜k by the monotone homotopy as indicated in Figure 9.9 to a convex function
f
(µk)
k . The graph of this function is obtained by following f˜k until it takes on slope µk for the first
time (near the point (δk,−mk)), and then making a smooth turn and continuing linearly with slope
µk. Since the vertical axis intercepts of the tangential lines of the graphs during the homotopy as
showed in Figure 9.9 are less than −a, we obtain the monotone isomorphism with inverse
σ−1
f
(µk)
k f˜k
: HF
(a,+∞)
∗ (f˜k ◦ F ∗;α) −→ HF(a,+∞)∗ (f (µk)k ◦ F ∗;α). (9.35)
The fact that f (µk)k ◦Qηk has neither 1-periodic orbits of action less than a nor 1-periodic orbits of
action larger than Cfk,µk := cf (µk)k ,µk
implies the following isomorphisms
HF
(a,+∞)
∗ (f
(µk)
k ◦F ∗;α)
∼=−−−−→
[jF ]−1
HF
(−∞,+∞)
∗ (f
(µk)
k ◦F ∗;α)
∼=−−−−→
[iF ]−1
HF
(−∞,Cfk,µk )∗ (f
(µk)
k ◦F ∗;α).
(9.36)
Since f (µk)k ◦ F ∗ is convex and radial with respect to ρ, Theorem 1.3 implies the isomorphism
Ψµkfk : HF
(−∞,Cfk,µk )∗ (f
(µk)
k ◦ F ∗;α)→ H∗(Λ
µ2k/2
α M). (9.37)
Composing (9.34)–(9.37) yields the desired isomorphism (9.33).
By our construction, for any H ∈ H a,b;cα , we can find some fk ◦ F ∗ ∈ H a,b;cα such that
H  fk ◦ F ∗, and for any k ∈ N it holds that fk ◦ F ∗  fk+1 ◦ F ∗. Thus, fk ◦ F ∗ is an upward
directed sequence in H a,b;cα . Taking the direct limit of both side of (9.33) yields the desired
isomorphism (9.32).
48 WENMIN GONG AND JINXIN XUE
Step 3. Given a ∈ (0, c]\Λα, we adopt the notation used in Step 1 and Step 2, and choose k ∈ N
sufficiently large so that µk > a, hk ∈ H a,b;cα and fk ≥ hk. Following closely [40, Section 3.2],
the proof of the commutativity of the diagram
SH←−
(a,+∞)
∗ (DFT ∗M ;α)
∼= //
T
(a,∞);c
α

H∗(Λ
a2/2
α M)
[Ia2/2]

SH−→
(a,+∞);c
∗ (DFT ∗M,M ;α)
∼= // H∗(ΛαM)
(9.38)
reduces to show the commutativity of the diagram
HF
(a,∞)
∗ (hk ◦ F ∗;α)
σfkhk //
Ψahk
∼=

HF
(a,∞)
∗ (fk ◦ F ∗;α)
Ψ
µk
fk
∼=

H∗(Λ
a2/2
α M)
[I] // H∗(Λ
µ2k/2
α M)
(9.39)
This can be deduced from the following commutative diagram
HF
(a,∞)
∗ (hk ◦ F ∗;α) σ //
σ (9.26)

HF
(a,∞)
∗ (fk ◦ F ∗;α)
σ(9.34)

HF
(a,∞)
∗ (h˜k ◦ F ∗;α) σ // HF(a,∞)∗ (f˜k ◦ F ∗;α)
HF
(a,∞)
∗ (h
(a)
k ◦ F ∗;α)
σ (9.27)
OO
σ // HF
(a,∞)
∗ (f
(µk)
k ◦ F ∗;α)
σ(9.35)
OO
HF
(−∞,∞)
∗ (h
(a)
k ◦ F ∗;α)
[jF ] (9.28)
OO
σ // HF
(−∞,∞)
∗ (f
(µk)
k ◦ F ∗;α)
[jF ](9.36)
OO
HF
(−∞,Chk,a)∗ (h
(a)
k ◦ F ∗;α)
[iF ] (9.28)
OO
Ψafh
(6.6)
//
Ψahk
,(9.29) **
HF
(−∞,Cfk,a)∗ (f
(µk)
k ◦ F ∗;α)
[iF ]
OO
[iF ] //
Ψafk
∼=

HF
(−∞,Cfk,µk )∗ (f
(µk)
k ◦ F ∗;α)
[iF ],(9.36)
jj
Ψ
µk
fk
(9.37)

H∗(Λ
a2/2
α M)
[I] // H∗(Λ
µ2k/2
α M)
.
where Ψafh is an isomorphism by Theorem 1.3 (iii). In fact, Lemma 4.2 implies the commutativity
of the first two rectangular blocks. The third and fourth block commutes by the naturality of long
exact sequences concerning Floer homology. The lowest rectangular block commutes by (1.2),
and the triangle to its left commutes by (1.3). The remaining part of the proof proceeds exactly
like [40, Section 3.2] by taking direct and inverse limits in the diagram (9.39). The proof of
Theorem 7.4 (iii) completes.
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